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Deep Learning

Very successful at learning and representing high-dimensional functions

D. Silver et al. Nature (2016) A. Ramesh et al. arXiv (2022) J. Jumper et al. Nature (2021)



Electronic Structure

• The fundamental equation of chemistry, material science, and 
condensed matter physics


• The solution is a high dimensional function 

• Could deep learning enable representations of electronic 
wavefunctions which are both compact and general? 



How can the two be combined?
Deep QMC

Jan Hermann



I. Invariance and Equivariance in Deep Learning



Multi-Layer Perceptrons

Essentially stacked regression models. The starting point for neural networks.
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Linear Nonlinear
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y = f` � f`�1 � . . . � f2 � f1(x)
<latexit sha1_base64="rwWGH8FYHAEbGncdTuqce1n4bd8=">AAACG3icbVDLSgMxFM3UV62vUZdugkWoCGWmFHUjFN24rGAf0ClDJs20oUlmSDJCGfofbvwVNy4UcSW48G/MtLPQ1gOBwznnkntPEDOqtON8W4WV1bX1jeJmaWt7Z3fP3j9oqyiRmLRwxCLZDZAijArS0lQz0o0lQTxgpBOMbzK/80CkopG415OY9DkaChpSjLSRfLsW+rTicaRHQZiiqU9P4RX0FB1yVOn4FP624BkMTMC3y07VmQEuEzcnZZCj6duf3iDCCSdCY4aU6rlOrPspkppiRqYlL1EkRniMhqRnqECcqH46u20KT4wygGEkzRMaztTfEyniSk14YJLZqmrRy8T/vF6iw8t+SkWcaCLw/KMwYVBHMCsKDqgkWLOJIQhLanaFeIQkwtrUWTIluIsnL5N2reqeV+t39XLjOq+jCI7AMagAF1yABrgFTdACGDyCZ/AK3qwn68V6tz7m0YKVzxyCP7C+fgDn96AU</latexit>

fi(ai) = �(Wiai + bi)



Multi-Layer Perceptrons

• Gaussian processes (GPs) can approximate any MLP in the limit of infinitely-wide layers 

• GPs match or exceed performance of MLPs on standard benchmarks


• MLPs aren’t magic - the real power of deep learning is in more complex architectures

J. Lee, Y. Bahri, R. Novak, S. S. Schoenholz, J. Pennington and J. Sohl-Dickstein, ICLR (2018)



Beyond Multi-Layer Perceptrons
Convolutional Neural Networks

Y. LeCun (1989)

<latexit sha1_base64="1CsWe6uiwrZJpQY0Ddm+f60Wx6I="></latexit>
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Feature map Layer

x and y coord Discrete convolution between k and k’



Invariance and Equivariance
Definition

<latexit sha1_base64="VssZOJzc+5JK6klWz4Wrna2rGEE=">AAACDnicbVDLSsNAFL3xWesr6tLNYCnUTUmkqBuh6MZlBfuAJpTJdNIOnTyYmYgl9Avc+CtuXCji1rU7/8ZJm0VtPTBw5px7ufceL+ZMKsv6MVZW19Y3Ngtbxe2d3b198+CwJaNEENokEY9Ex8OSchbSpmKK004sKA48Ttve6Cbz2w9USBaF92ocUzfAg5D5jGClpZ5Z9isD5BAmCHICrIaenz5OTtEV8itz/55ZsqrWFGiZ2DkpQY5Gz/x2+hFJAhoqwrGUXduKlZtioRjhdFJ0EkljTEZ4QLuahjig0k2n50xQWSt95EdCv1ChqTrfkeJAynHg6cpsRbnoZeJ/XjdR/qWbsjBOFA3JbJCfcKQilGWD+kxQovhYE0wE07siMsQCE6UTLOoQ7MWTl0nrrGqfV2t3tVL9Oo+jAMdwAhWw4QLqcAsNaAKBJ3iBN3g3no1X48P4nJWuGHnPEfyB8fULjgObMQ==</latexit>

f(g � x) = f(x)

<latexit sha1_base64="eOAhuCONcnydu6OC8KRfWA2SdEY=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VINyXRom6EohuXFewDmlAm00k7dJIJMxOxhH6IG3/FjQtF3LgQ/BsnbRa19cCFwzn3cu89fsyoVLb9YxRWVtfWN4qbpa3tnd09c/+gJXkiMGlizrjo+EgSRiPSVFQx0okFQaHPSNsf3WR++4EISXl0r8Yx8UI0iGhAMVJa6plngTWALqYCQzdEaugH6eOkAq+gK4bcGlRyL7Dm3J5Ztqv2FHCZODkpgxyNnvnl9jlOQhIpzJCUXceOlZcioShmZFJyE0lihEdoQLqaRigk0kunz03giVb6MOBCV6TgVJ2fSFEo5Tj0dWd2olz0MvE/r5uo4NJLaRQnikR4tihIGFQcZknBPhUEKzbWBGFB9a0QD5FAWOk8SzoEZ/HlZdI6rTrn1dpdrVy/zuMogiNwDCzggAtQB7egAZoAgyfwAt7Au/FsvBofxuestWDkM4fgD4zvX18CoFc=</latexit>

f(g � x) = ⇢(g) � f(x)

Invariance

Equivariance

Example: Object Recognition

Is there a cat?

Example: Object Detection

Where is the cat?

Cat?

Image Credit: Hugging Face



Invariance and Equivariance
Advantages

• Dramatically reduces the number of parameters needed to learn the same 
function


• Dramatically reduces the amount of data needed to learn


• Builds in robustness against perturbations not in the training set


• Builds in physics constraints from the start



How to Build Equivariant Nets
Simple Example: Permutation
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<latexit sha1_base64="WfHbBiIJW/7Ba7c/Yg6kwgnFJP8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSlqMuiG5cVbCs0oUymk3boZBLmIZbQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJU86Udt1vp7S2vrG5Vd6u7Ozu7R9UD4+6KjGS0A5JeCIfQqwoZ4J2NNOcPqSS4jjktBdObnK/90ilYom419OUBjEeCRYxgrWVfD/GehxG2dNs0BhUa27dnQOtEq8gNSjQHlS//GFCTEyFJhwr1ffcVAcZlpoRTmcV3yiaYjLBI9q3VOCYqiCbZ56hM6sMUZRI+4RGc/X3RoZjpaZxaCfzjGrZy8X/vL7R0VWQMZEaTQVZHIoMRzpBeQFoyCQlmk8twUQymxWRMZaYaFtTxZbgLX95lXQbde+i3rxr1lrXRR1lOIFTOAcPLqEFt9CGDhBI4Rle4c0xzovz7nwsRktOsXMMf+B8/gAu0pHK</latexit>x2
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<latexit sha1_base64="qDf6pzroMMJvMcIkHWdR/tYPv+o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6q/mW1dl+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB85dj0s=</latexit>...

<latexit sha1_base64="kQkDxPnVv0Mgc/tsfqEuJYOLy9w=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66LqX1Zr97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL8Nj0E=</latexit>. . .

Linear Nonlinear
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x2
...
xn

1

CCCA
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How to Build Equivariant Nets
Simple Example: Permutation
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<latexit sha1_base64="Gi19YfX4PUBTxNrSRj2yBMHfmKo=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWakqMuiG5cV7AM6Q8mkmTY0kxmSjFiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnSATXxnG+UWltfWNzq7xd2dnd2z+oHh51dJwqyto0FrHqBUQzwSVrG24E6yWKkSgQrBtMbnO/+8iU5rF8MNOE+REZSR5ySoyVPC8iZhyE2dNsIAfVmlN35sCrxC1IDQq0BtUvbxjTNGLSUEG07rtOYvyMKMOpYLOKl2qWEDohI9a3VJKIaT+bZ57hM6sMcRgr+6TBc/X3RkYiradRYCfzjHrZy8X/vH5qwms/4zJJDZN0cShMBTYxzgvAQ64YNWJqCaGK26yYjoki1NiaKrYEd/nLq6RzUXcv6437Rq15U9RRhhM4hXNw4QqacActaAOFBJ7hFd5Qil7QO/pYjJZQsXMMf4A+fwCJwpIG</latexit>xn

<latexit sha1_base64="qDf6pzroMMJvMcIkHWdR/tYPv+o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6q/mW1dl+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB85dj0s=</latexit>...

<latexit sha1_base64="kQkDxPnVv0Mgc/tsfqEuJYOLy9w=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66LqX1Zr97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL8Nj0E=</latexit>. . .

Linear Nonlinear

<latexit sha1_base64="P+NskHX1II/013cHhnHKOGzrMLM=">AAACPXicbVA7SwNBEN6LrxhfUUubxSBYhbsQ1DJoYxkhL8iFsLc3lyzZ2zt290LCkT9m43+ws7OxUMTW1s0DiYkDC99838zszOfFnClt2y9WZmNza3snu5vb2z84PMofnzRUlEgKdRrxSLY8ooAzAXXNNIdWLIGEHoemN7ib6s0hSMUiUdPjGDoh6QkWMEq0obr5mutBj4k0DomWbDTBrgF9L0hHk66DXXc5L83yoR9ptaII7ILwf4d08wW7aM8CrwNnAQpoEdVu/tn1I5qEIDTlRKm2Y8e6kxKpGeUwybmJgpjQAelB20BBQlCddHb9BF8YxsdBJM0TGs/Y5Y6UhEqNQ89UTjdWq9qU/E9rJzq46aRMxIkGQecfBQnHOsJTK7HPJFDNxwYQKpnZFdM+kYRqY3jOmOCsnrwOGqWic1UsP5QLlduFHVl0hs7RJXLQNaqge1RFdUTRI3pF7+jDerLerE/ra16asRY9p+hPWN8/7wewRg==</latexit>0

BBB@

x1

x2
...
xn

1

CCCA
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

<latexit sha1_base64="PiETGXvos0nB7cWg0Th4uYpJxkY="></latexit>0

BBB@

W V . . . V
V W . . . V
...

...
...

V V . . . W

1

CCCA

<latexit sha1_base64="I04Tc/gb9MdqA6xPZQ0DXx170Ew=">AAACHHicbVDLSgMxFM34rPU16tJNsAiuyowWdVl047KCfUBnKJnMbRuayQxJpliGfogbf8WNC0XcuBD8G9N2EG09kHBy7rnk3hMknCntOF/W0vLK6tp6YaO4ubW9s2vv7TdUnEoKdRrzWLYCooAzAXXNNIdWIoFEAYdmMLie1JtDkIrF4k6PEvAj0hOsyyjRRurYZ14APSayJCJasvsxDrDnzS5vGMZa5U8Q4Y+nY5ecsjMFXiRuTkooR61jf3hhTNMIhKacKNV2nUT7GZGaUQ7jopcqSAgdkB60DRUkAuVn0+XG+NgoIe7G0hyh8VT93ZGRSKlRFBinma+v5msT8b9aO9XdSz9jIkk1CDr7qJtyrGM8SQqHTALVfGQIoZKZWTHtE0moNnkWTQju/MqLpHFads/LldtKqXqVx1FAh+gInSAXXaAqukE1VEcUPaAn9IJerUfr2Xqz3mfWJSvvOUB/YH1+AzlgoXo=</latexit>0

BBB@

b
b
...
b

1

CCCA

<latexit sha1_base64="93PHWpuaTDFEdgZ0/MD2jIpsZ3Q=">AAACFXicbVDLSsNAFJ34rPUVdelmsAiCUhIp6rLoxmUF+4AmhMl00k47mYSZiVhCfsKNv+LGhSJuBXf+jZM2i9p64MLhnHu59x4/ZlQqy/oxlpZXVtfWSxvlza3tnV1zb78lo0Rg0sQRi0THR5IwyklTUcVIJxYEhT4jbX90k/vtByIkjfi9GsfEDVGf04BipLTkmWdtJ0Rq4AfpY+ZReAodmYReOnQ4gTSDLThjDz2zYlWtCeAisQtSAQUanvnt9CKchIQrzJCUXduKlZsioShmJCs7iSQxwiPUJ11NOQqJdNPJVxk81koPBpHQxRWcqLMTKQqlHIe+7sxvlPNeLv7ndRMVXLkp5XGiCMfTRUHCoIpgHhHsUUGwYmNNEBZU3wrxAAmElQ6yrEOw519eJK3zqn1Rrd3VKvXrIo4SOARH4ATY4BLUwS1ogCbA4Am8gDfwbjwbr8aH8TltXTKKmQPwB8bXL2P/nvs=</latexit>

Wxi +
X

j 6=i

V xj
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How to Build Equivariant Nets
Groups
Set of operations which can be composed and inverted. Formalizes symmetries.

Examples: addition of integers, multiplication of reals, permutation, translation, rotation

<latexit sha1_base64="vUf1fgHq2T6KATeVXdM+Pcri4Kc=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgupCRS1GXRhS6r2Ac0oUymk2ToZCbMTJRS+gdu/BU3LhRx69adf+O0jaCtBy4czrmXe+8JUkaVdpwva25+YXFpubBSXF1b39i0t7YbSmQSkzoWTMhWgBRhlJO6ppqRVioJSgJGmkHvYuQ374hUVPBb3U+Jn6CI05BipI3UsQ+iIxhDj3J4Cb0bGsUaSSnuYQQ9TCX+8Tp2ySk7Y8BZ4uakBHLUOvan1xU4SwjXmCGl2q6Tan+ApKaYkWHRyxRJEe6hiLQN5Sghyh+M/xnCfaN0YSikKa7hWP09MUCJUv0kMJ0J0rGa9kbif1470+GZP6A8zTTheLIozBjUAo7CgV0qCdasbwjCkppbIY6RRFibCIsmBHf65VnSOC67J+XKdaVUPc/jKIBdsAcOgQtOQRVcgRqoAwwewBN4Aa/Wo/VsvVnvk9Y5K5/ZAX9gfXwDrGiakA==</latexit>

g, h 2 G ) g � h 2 G
<latexit sha1_base64="RhVmlI+pDFfud6NaGbsVqqMRjTU=">AAACIHicbVBNS8NAEN34WetX1aOXxSJ4KCGRYr0IRQ96rGA/oAlls522SzebsLsRS+hP8eJf8eJBEb3pr3HT9qCtDwYe780wMy+IOVPacb6speWV1bX13EZ+c2t7Z7ewt99QUSIp1GnEI9kKiALOBNQ10xxasQQSBhyawfAq85v3IBWLxJ0exeCHpC9Yj1GijdQpVDx4MFsUBuwxga+xV1K2tr0S9nqRJJzj/tQoZR2USWqEC9zvFIqO7UyAF4k7I0U0Q61T+PS6EU1CEJpyolTbdWLtp0RqRjmM816iICZ0SPrQNlSQEJSfTh4c42OjdLE5yJTQeKL+nkhJqNQoDExnSPRAzXuZ+J/XTnTv3E+ZiBMNgk4X9RKOdYSztHCXSaCajwwhVDJzK6YDIgnVJtO8CcGdf3mRNE5t98wu35aL1ctZHDl0iI7QCXJRBVXRDaqhOqLoET2jV/RmPVkv1rv1MW1dsmYzB+gPrO8fYuyf/g==</latexit>

9e 2 Gs.t. 8g 2 G, e � g = g
<latexit sha1_base64="Y4zi8hdwlPmx8nFigbVX7aTzaMU="></latexit>

8g 2 G, 9g�1 2 Gs.t. g � g�1 = e

Closed under composition

Existence of an identity operation

Every element has an inverse



How to Build Equivariant Nets
Representations

Mapping from group elements to matrices

<latexit sha1_base64="f4hRSiiRESl0PBviMm95ypgdtjY=">AAACDXicbVC7SgNBFJ2Nrxhfq5Y2g1GITdiVoGIVtIiFRRTzgOwSZieTZMjszDIzq4QlP2Djr9hYKGJrb+ffOJuk0MQDFw7n3Mu99wQRo0o7zreVWVhcWl7JrubW1jc2t+ztnboSscSkhgUTshkgRRjlpKapZqQZSYLCgJFGMLhM/cY9kYoKfqeHEfFD1OO0SzHSRmrbB57si3NYgZ6kvb5GUooHWLlu84IXIt0PguR2dNS2807RGQPOE3dK8mCKatv+8joCxyHhGjOkVMt1Iu0nSGqKGRnlvFiRCOEB6pGWoRyFRPnJ+JsRPDRKB3aFNMU1HKu/JxIUKjUMA9OZnqhmvVT8z2vFunvmJ5RHsSYcTxZ1Ywa1gGk0sEMlwZoNDUFYUnMrxH0kEdYmwJwJwZ19eZ7Uj4vuSbF0U8qXL6ZxZMEe2AcF4IJTUAZXoApqAINH8AxewZv1ZL1Y79bHpDVjTWd2wR9Ynz85kpsM</latexit>

⇢ : G ! GLn(R)
<latexit sha1_base64="xyL6/ygtvScUJlYtZs57AqUy7LU=">AAACCnicbVDLSgMxFM3UV62vUZduokVoN2VGiroRim5cVrAP6Awlk6ad0EwyJBmhDF278VfcuFDErV/gzr8x7cxCWw9c7uGce0nuCWJGlXacb6uwsrq2vlHcLG1t7+zu2fsHbSUSiUkLCyZkN0CKMMpJS1PNSDeWBEUBI51gfDPzOw9EKir4vZ7ExI/QiNMhxUgbqW8fezIUlRH0MJUYhlV4BTOlmvWw2rfLTs2ZAy4TNydlkKPZt7+8gcBJRLjGDCnVc51Y+ymSmmJGpiUvUSRGeIxGpGcoRxFRfjo/ZQpPjTKAQyFNcQ3n6u+NFEVKTaLATEZIh2rRm4n/eb1EDy/9lPI40YTj7KFhwqAWcJYLHFBJsGYTQxCW1PwV4hBJhLVJr2RCcBdPXibts5p7Xqvf1cuN6zyOIjgCJ6ACXHABGuAWNEELYPAInsEreLOerBfr3frIRgtWvnMI/sD6/AGqGJhY</latexit>

⇢(g � h) = ⇢(g)⇢(h)

<latexit sha1_base64="Zdzxm5c0RHGovp6LG+TfKzo6Ae4=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZQZKepGKLrRXQX7gM5QMmmmDc0kQ5IR6lD8FTcuFHHrf7jzb8y0s9DWA4HDOfdyT04QM6q043xbhaXlldW14nppY3Nre8fe3WspkUhMmlgwITsBUoRRTpqaakY6sSQoChhpB6PrzG8/EKmo4Pd6HBM/QgNOQ4qRNlLPPvDkUFTICbyEXoT0MAjT20nPLjtVZwq4SNyclEGORs/+8voCJxHhGjOkVNd1Yu2nSGqKGZmUvESRGOERGpCuoRxFRPnpNP0EHhulD0MhzeMaTtXfGymKlBpHgZnMEqp5LxP/87qJDi/8lPI40YTj2aEwYVALmFUB+1QSrNnYEIQlNVkhHiKJsDaFlUwJ7vyXF0nrtOqeVWt3tXL9Kq+jCA7BEagAF5yDOrgBDdAEGDyCZ/AK3qwn68V6tz5mowUr39kHf2B9/gAezZRj</latexit>

⇢(e) = I

<latexit sha1_base64="lW4IMcL8XROW1KPGJzdY4BfbsXo=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvQLiwzUtSNUHTjsoJ9QDuWTJppQzPJkGSEMnThxl9x40IRt36EO//GdDoLbT0QOPece7m5x48YVdpxvq3cyura+kZ+s7C1vbO7Z+8ftJSIJSZNLJiQHR8pwignTU01I51IEhT6jLT98fXMbz8Qqajgd3oSES9EQ04DipE2Ut8u9uRIlIf3yYk7rcBLOC8rad23S07VSQGXiZuREsjQ6NtfvYHAcUi4xgwp1XWdSHsJkppiRqaFXqxIhPAYDUnXUI5CorwkPWIKj40ygIGQ5nENU/X3RIJCpSahbzpDpEdq0ZuJ/3ndWAcXXkJ5FGvC8XxREDOoBZwlAgdUEqzZxBCEJTV/hXiEJMLa5FYwIbiLJy+T1mnVPavWbmul+lUWRx4UwREoAxecgzq4AQ3QBBg8gmfwCt6sJ+vFerc+5q05K5s5BH9gff4A8vKWYQ==</latexit>

⇢(g�1) = ⇢(g)�1

The representation is an invertible matrix

Composition becomes matrix multiplication

The identity is unique

The representation of the inverse is 
the inverse of the representation



How to Build Equivariant Nets
Representations

Representations of 3D Rotation: The Special Orthogonal Group SO(3)

<latexit sha1_base64="e6QpHIXEj+SPzVRkDq9ObT5kWEs=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSAkTdjVoDZC0EILi0TMA7LLMjuZTYbMziwzs0JY8g02/oqNhSK2Vnb+jZNHoYkHLhzOuZd77wliRpW27W8rs7S8srqWXc9tbG5t7+R395pKJBKTBhZMyHaAFGGUk4ammpF2LAmKAkZaweBq7LceiFRU8Hs9jIkXoR6nIcVIG8nPl1zZF8VeCV5AN0K6H4RpfQRdyuH1rX9SnGpBejcq+fmCXbYngIvEmZECmKHm57/crsBJRLjGDCnVcexYeymSmmJGRjk3USRGeIB6pGMoRxFRXjp5aQSPjNKFoZCmuIYT9fdEiiKlhlFgOscnqnlvLP7ndRIdnnsp5XGiCcfTRWHCoBZwnA/sUkmwZkNDEJbU3ApxH0mEtUkxZ0Jw5l9eJM3jsnNartQrherlLI4sOACHoAgccAaq4AbUQANg8AiewSt4s56sF+vd+pi2ZqzZzD74A+vzB6d+nDw=</latexit>

⇢(g) = Q 2 GL3(R)

<latexit sha1_base64="fhGRjnMVXhUMD1P1RHm1EpcS9LU=">AAACDXicbVC7SgNBFL3rM8bXqqXNYBSswq4EtRGCNtolkBcka5idzCZDZh/MzAphyQ/Y+Cs2ForY2tv5N84mi4/EAwPnnnMvc+9xI86ksqxPY2FxaXllNbeWX9/Y3No2d3YbMowFoXUS8lC0XCwpZwGtK6Y4bUWCYt/ltOkOr1K/eUeFZGFQU6OIOj7uB8xjBCstdc3Djo/VwPWS6vi2hn4KdPFd3Iy7ZsEqWhOgeWJnpAAZKl3zo9MLSezTQBGOpWzbVqScBAvFCKfjfCeWNMJkiPu0rWmAfSqdZHLNGB1ppYe8UOgXKDRRf08k2Jdy5Lu6M91Qznqp+J/XjpV37iQsiGJFAzL9yIs5UiFKo0E9JihRfKQJJoLpXREZYIGJ0gHmdQj27MnzpHFStE+LpWqpUL7M4sjBPhzAMdhwBmW4hgrUgcA9PMIzvBgPxpPxarxNWxeMbGYP/sB4/wI2CJuo</latexit>

QTQ = I

<latexit sha1_base64="lCj2TI/I2GSWjg55p/mSbm4fbso=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUmkqBuh6MZlC/YBaSiTyaQdOpmEmYlQQjZu/BU3LhRx6z+482+cpFlo64GBM+fcy733eDGjUlnWt1FZWV1b36hu1ra2d3b3zP2DnowSgUkXRywSAw9JwignXUUVI4NYEBR6jPS96W3u9x+IkDTi92oWEzdEY04DipHS0sg8HoZITUSY+kRlTvHxgrSTufAa2iOzbjWsAnCZ2CWpgxLtkfk19COchIQrzJCUjm3Fyk2RUBQzktWGiSQxwlM0Jo6mHIVEumlxRQZPteLDIBL6cQUL9XdHikIpZ6GnK/M15aKXi/95TqKCKzelPE4U4Xg+KEgYVBHMI4E+FQQrNtMEYUH1rhBPkEBY6eBqOgR78eRl0jtv2BeNZqdZb92UcVTBETgBZ8AGl6AF7kAbdAEGj+AZvII348l4Md6Nj3lpxSh7DsEfGJ8/PIyYYw==</latexit>

det[Q] = 1

The representation is a 3x3 matrix

The representation is orthonormal

The representation has determinant one 
(parity doesn’t change) 

A natural representation for operating on 3D vectors. But what about functions?

<latexit sha1_base64="GRuxbeGZdJOlSIDiXsmmlxIc3sY=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7APbUjLpnTY0kxmSTKEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knOPHwuujet+O4W19Y3NreJ2aWd3b/+gfHjU1FGiGDZYJCLV9qlGwSU2DDcC27FCGvoCW/74LvNbE1SaR/LRTGPshXQoecAZNVZ66obUjPwgncz65Ypbdecgq8TLSQVy1Pvlr+4gYkmI0jBBte54bmx6KVWGM4GzUjfRGFM2pkPsWCppiLqXzhPPyJlVBiSIlH3SkLn6eyOlodbT0LeTWUK97GXif14nMcFNL+UyTgxKtvgoSAQxEcnOJwOukBkxtYQyxW1WwkZUUWZsSSVbgrd88ippXlS9q+rlw2WldpvXUYQTOIVz8OAaanAPdWgAAwnP8ApvjnZenHfnYzFacPKdY/gD5/MH/R2RIw==</latexit>v

<latexit sha1_base64="PtH2+IJFam1u2fzwog5iOSP9z/U=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRS1GXRjcsW7APaUCbTSTt0Mgkzk0INxV9x40IRt/6HO//GSRtBWw8MHM65l3vm+DFnSjvOl7Wyura+sVnYKm7v7O7t2weHTRUlktAGiXgk2z5WlDNBG5ppTtuxpDj0OW35o9vMb42pVCwS93oSUy/EA8ECRrA2Us8+7oZYD/0grU9/2Hjas0tO2ZkBLRM3JyXIUevZn91+RJKQCk04VqrjOrH2Uiw1I5xOi91E0RiTER7QjqECh1R56Sz9FJ0ZpY+CSJonNJqpvzdSHCo1CX0zmSVUi14m/ud1Eh1ceykTcaKpIPNDQcKRjlBWBeozSYnmE0MwkcxkRWSIJSbaFFY0JbiLX14mzYuye1mu1Cul6k1eRwFO4BTOwYUrqMId1KABBB7gCV7g1Xq0nq03630+umLlO0fwB9bHN1W4lc8=</latexit>

Qv



How to Build Equivariant Nets
Representations

Representations of 3D Rotation: Spherical Harmonics and Wigner D-matrices

<latexit sha1_base64="Yolkj1wtn6zAZAZzoMAn5I911+s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDabTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTju5nfeeLaiEQ94iTlfkyHSkSCUbRSZ0j6LExwUK25dXcOskq8gtSgQHNQ/eqHCctirpBJakzPc1P0c6pRMMmnlX5meErZmA55z1JFY278fH7ulJxZJSRRom0pJHP190ROY2MmcWA7Y4ojs+zNxP+8XobRjZ8LlWbIFVssijJJMCGz30koNGcoJ5ZQpoW9lbAR1ZShTahiQ/CWX14l7Yu6d1W/fLisNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB/WHj1Y=</latexit>g· <latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=

<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>= <latexit sha1_base64="320VPklRgEWhB8hnnEiRh3xn5cE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0QPtev1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDrhY2S</latexit>a1
<latexit sha1_base64="WxkZs5xRs38lJD4l9+FXgHm0HfI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOle9qv9csVt+rOQVaJl5MK5Gj2y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnXqt5FtX5XrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QPtCY2T</latexit>a2 <latexit sha1_base64="gsX9/jccenrQQU4UL/6VgISS1Eo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Qe0oUy2m3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVlDVpLGLVCVAzwSVrGm4E6ySKYRQI1g7GNzO//ciU5rF8MJOE+REOJQ85RWOle+yf98sVt+rOQf4SLycVyNHolz97g5imEZOGCtS667mJ8TNUhlPBpqVeqlmCdIxD1rVUYsS0n81PnZITqwxIGCtb0pC5+nMiw0jrSRTYzgjNSC97M/E/r5ua8MrPuExSwyRdLApTQUxMZn+TAVeMGjGxBKni9lZCR6iQGptOyYbgLb/8l7TOqt5FtXZXq9Sv8ziKcATHcAoeXEIdbqEBTaAwhCd4gVdHOM/Om/O+aC04+cwh/ILz8Q3ujY2U</latexit>a3 <latexit sha1_base64="kQkDxPnVv0Mgc/tsfqEuJYOLy9w=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66LqX1Zr97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL8Nj0E=</latexit>. . .<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+ <latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+

<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>= <latexit sha1_base64="kQkDxPnVv0Mgc/tsfqEuJYOLy9w=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66LqX1Zr97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL8Nj0E=</latexit>. . .<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+ <latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="i/nlPQeTyxQJxZrfosD8uE+lObI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPS9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDtC42T</latexit>

b1
<latexit sha1_base64="y9veZhuzqR5AYaOgJjiqKVIEqPw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+6Bf65crbtWdg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKuVb2Lav2uXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfuj42U</latexit>

b2
<latexit sha1_base64="/QI0cXifb36X49vGC1EOoMocHn4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6D/rn/XLFrbpzkL/Ey0kFcjT65c/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TEKgMSxsqWNGSu/pzIaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW375L2mdVb2Lau2uVqlf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OcJ6dN+d90Vpw8plD+AXn4xvwE42V</latexit>

b3

There is a matrix representation      such that<latexit sha1_base64="i2ylX6EPy0B9TTkWbd87f4qm25g=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJcxOZrND5rHMzAoh5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3woZyJmnLMstpN9UUi4jTTjS+y/3OE9WGKfloJykNBR5JFjOCbS71daIG1Zpf9+dAqyQoSA0KNAfVr/5QkUxQaQnHxvQCP7XhFGvLCKezSj8zNMVkjEe056jEgppwOr91hs6cMkSx0q6kRXP198QUC2MmInKdAtvELHu5+J/Xy2x8E06ZTDNLJVksijOOrEL542jINCWWTxzBRDN3KyIJ1phYF0/FhRAsv7xK2hf14Kp++XBZa9wWcZThBE7hHAK4hgbcQxNaQCCBZ3iFN094L96797FoLXnFzDH8gff5AyKajlA=</latexit>⇢
<latexit sha1_base64="q9JzFUjeNsPsmDFRgfb0MM7IIQE=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoW7KjBR1IxTduKxgL9AZSibNtKGZZEgyhTIMbnwVNy4UcetTuPNtTNtZaOsPgY//nMPJ+YOYUaUd59sqrKyurW8UN0tb2zu7e/b+QUuJRGLSxIIJ2QmQIoxy0tRUM9KJJUFRwEg7GN1O6+0xkYoK/qAnMfEjNOA0pBhpY/XsI08ORWVwBr0xwSnK4PWcgqxnl52qMxNcBjeHMsjV6NlfXl/gJCJcY4aU6rpOrP0USU0xI1nJSxSJER6hAeka5Cgiyk9nJ2Tw1Dh9GAppHtdw5v6eSFGk1CQKTGeE9FAt1qbmf7VuosMrP6U8TjTheL4oTBjUAk7zgH0qCdZsYgBhSc1fIR4iibA2qZVMCO7iycvQOq+6F9Xafa1cv8njKIJjcAIqwAWXoA7uQAM0AQaP4Bm8gjfryXqx3q2PeWvBymcOwR9Znz8A95aP</latexit>

⇢(g)~a = ~b

Image Credit: Keenan Crane and Wikipedia

D. Pinchon and P. E. Hoggan, J. Pays A: Math. Theor. (2007)



Examples
Spherical CNNs

• Operates on spherical data (geospatial, VR…) instead of grids


• Generalizes linear convolutions to convolutions on sphere 

• Equivariant to rotation

T. Cohen, M. Geiger, J. Koehler and M. Welling, ICLR (2018)

<latexit sha1_base64="r1f7hkSSjunYQDK02sgOd1Xc8xQ=">AAACMHicbVDLSsNAFJ34rPUVdelmsAhuLIkUdSMUBXVZwT4giWUynaRDJw9mboQS+klu/BTdKCji1q9w+ljU1gMDZ865l3vv8VPBFVjWu7GwuLS8slpYK65vbG5tmzu7DZVkkrI6TUQiWz5RTPCY1YGDYK1UMhL5gjX93tXQbz4yqXgS30M/ZV5EwpgHnBLQUtu8CbCrgEgc4gvsRgS6lIj8evCQH9sDV7AAnCnVCbzpIifUX8nDLnhts2SVrRHwPLEnpIQmqLXNF7eT0CxiMVBBlHJsKwUvJxI4FWxQdDPFUkJ7JGSOpjGJmPLy0cEDfKiVDg4SqV8MeKROd+QkUqof+bpyuK2a9Ybif56TQXDu5TxOM2AxHQ8KMoEhwcP0cIdLRkH0NSFUcr0rpl0iCQWdcVGHYM+ePE8aJ2X7tFy5q5Sql5M4CmgfHaAjZKMzVEW3qIbqiKIn9Io+0KfxbLwZX8b3uHTBmPTsoT8wfn4BZUep4A==</latexit>

f ? g = F�1 [F [f ]F [g]]

Linear convolutions

Spherical convolutions (or correlations)



Examples
Clebsch-Gordan Networks

• Spherical CNNs require expensive Fourier transforms every layer


• Instead, work directly in generalised Fourier space. This makes linear layers simple. But what about 
nonlinearities?


• Take tensor product of activation vectors and sum by Clebsch-Gordan coefficients. This is nonlinear, 
but also equivariant to rotation

R. Kondor, Z. Lin and S. Trivedi, NeurIPS (2018)

<latexit sha1_base64="bW+dfM6Lc4Ecu92NrJm7u1+HfYk="></latexit>

ĝ` = CT
`1,`2,`[f̂`1 ⌦ f̂`2 ]



Examples
SchNet

• Designed to be useful as a machine-learned molecular potential (next week!)


• Only interaction is through continuous-filter “convolution” that sums radially-
symmetric function of pairs of atoms


• Equivariant to permutation, but only invariant to rotation!
K. T. Schütt, P.-J. Kindermans, H. E. Sauceda, S. Chmiela, A. Tkatchenko and K.-R. Müller, NeurIPS (2017)
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Examples
Transformers

• Stacked layers of self-attention and MLPs


• Self-attention is a differentiable hash map on all pairs of inputs


• Preposterously successful - maybe it’s all you need?


• Equivariant to permutation

A. Vaswani, N. Shazeer, N. Parmar, J. Uszkoreit, L. Jones, A. N. Gomez and Ł. Kaiser, NeurIPS (2017)
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Examples
SE(3)-Equivariant Transformers

• Can we put all invariances together 
in one model? Yes we can! 

• Very useful for machine learning of 
molecular potentials (next week!)


• Equivariant to rotation, translation 
and permutation

F. B. Fuchs, D. E. Worrall, V. Fischer and M. Welling, NeurIPS (2020)



Summary

• Neural networks combine structured linear operations with simple nonlinear 
operations repeatedly to approximate complex high-dimensional functions


• Much of the power of deep learning comes from building in invariances and 
equivariances into neural networks which simplify learning considerably


• The theory of groups and representations gives a unified picture for 
understanding the mathematics of equivariances and suggests recipes for 
designing neural network layers


• Depending on the application, neural networks can incorporate symmetry to 
translation, rotation, permutation, or even all of the above



II. Deep Learning for Electronic Structure



Ingredients for a Wavefunction

• Can we just throw an MLP at the Schrödinger equation, minimize the energy 
by VMC, and call it a day? No! 

• What are the minimal constraints that a wavefunction must satisfy? How 
would we build the most general neural network that satisfies these 
constraints?



First vs. Second Quantization
Two alternative representations of a wavefunction

First quantization

Second quantization

• An electron configuration is an ordered list of all electron positions and spins

• The wavefunction must treat all electrons indistinguishably - cannot depend on the order

• An electron configuration is a binary vector enumerating which states are occupied or 
unoccupied. The total number of 1s adds up to the number of electrons


• Different electrons are automatically indistinguishable, no need to constrain the wavefunction
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({r1,�1}, {r2,�2}, . . . , {rn,�n})
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Neural Network Quantum States
Deep VMC in Second Quantization

• Originally developed for spin systems, but extended to electrons


• Enumerate a set of states the electrons could be in, form a binary vector, 
input the vector to a neural network, train by VMC

Image Credit: Cheol Ho Choi
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G. Carleo and M. Troyer, Science (2017)

K. Choo, A. Mezzacapo and G. Carleo, Nat. Comm. (2020)



Neural Network Quantum States
Deep VMC in Second Quantization

• Advantages: neural network can be very flexible, as states are 
indistinguishable


• Disadvantages: have to enumerate possible states, will always suffer from 
finite basis set errors G. Carleo and M. Troyer, Science (2017)


K. Choo, A. Mezzacapo and G. Carleo, Nat. Comm. (2020)



Fermions and Antisymmetry

• Pauli exclusion principle: no two fermions (including electrons) may be in the 
same state at the same time


• The wavefunction must be zero when two electrons have the same state


• Equivalently, the wavefunction must be antisymmetric
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Determinants

• The unique function such that:


• It is a multilinear function of its rows and columns


• It is antisymmetric under exchange of two rows or columns


• It maps the identity to 1


• Leibniz formula is a sum over O(n!) permutations - but it can be computed in O(n3) time!
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Determinants

• Take a function of electron positions which is permutation equivariant 

• Take each output vector to be one row of a matrix, take its determinant


• The result is an antisymmetric function


• In theory, single determinant can represent any antisymmetric function (but 
only if discontinuous functions are allowed)

M. Hutter, arXiv (2020)
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Determinants

• Take a function of electron positions which is permutation equivariant 

• Take each output vector to be one row of a matrix, take its determinant


• The result is an antisymmetric function


• In theory, single determinant can represent any antisymmetric function (but 
only if discontinuous functions are allowed)

M. Hutter, arXiv (2020)
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<latexit sha1_base64="w6ym6Q8+BgZr4oY6BYoxsTNgGJU=">AAACAXicbVDNS8MwHE39nPOr6kXwEhyCp9GOoR6HXjxOcB+wlpKm6RaWpiVJhVLmxX/FiwdFvPpfePO/Me160M0Hgcd7v688P2FUKsv6NlZW19Y3Nmtb9e2d3b198+CwL+NUYNLDMYvF0EeSMMpJT1HFyDARBEU+IwN/elP4gwciJI35vcoS4kZozGlIMVJa8sxjp5yRCxLMoBMhNfHDPJt5Lc9sWE2rBFwmdkUaoELXM7+cIMZpRLjCDEk5sq1EuTkSimJGZnUnlSRBeIrGZKQpRxGRbl5un8EzrQQwjIV+XMFS/d2Ro0jKLPJ1ZXGjXPQK8T9vlKrwys0pT1JFOJ4vClMGVQyLOGBABcGKZZogLKi+FeIJEggrHVpdh2AvfnmZ9FtN+6LZvms3OtdVHDVwAk7BObDBJeiAW9AFPYDBI3gGr+DNeDJejHfjY166YlQ9R+APjM8fA0iXQg==</latexit>y2
<latexit sha1_base64="KSL6f6AwMvJ6y31PW54kcOe2buM=">AAACAXicbVDNS8MwHE3n15xfVS+Cl+AQPI12DPU49OJxgvuArZQ0TbewNC1JKo5SL/4rXjwo4tX/wpv/jWnXg24+CDze+33leTGjUlnWt1FZWV1b36hu1ra2d3b3zP2DnowSgUkXRywSAw9JwignXUUVI4NYEBR6jPS96XXu9++JkDTid2oWEydEY04DipHSkmsejYoZqSB+BkchUhMvSB8yt+madathFYDLxC5JHZTouObXyI9wEhKuMENSDm0rVk6KhKKYkaw2SiSJEZ6iMRlqylFIpJMW2zN4qhUfBpHQjytYqL87UhRKOQs9XZnfKBe9XPzPGyYquHRSyuNEEY7ni4KEQRXBPA7oU0GwYjNNEBZU3wrxBAmElQ6tpkOwF7+8THrNhn3eaN226u2rMo4qOAYn4AzY4AK0wQ3ogC7A4BE8g1fwZjwZL8a78TEvrRhlzyH4A+PzBwHBl0E=</latexit>x2

<latexit sha1_base64="8tCFzrjQmtlXtCPaGq+haOtPq54=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRS1GXRjcsK9gFtCJPpTTt08mBmIpYQ3Pgrblwo4tavcOffOEmz0NYDA4dz7muOF3MmlWV9G0vLK6tr65WN6ubW9s6uubffkVEiKLRpxCPR84gEzkJoK6Y49GIBJPA4dL3Jde5370FIFoV3ahqDE5BRyHxGidKSax4OihmpxxPI8CAgauz56UPm2q5Zs+pWAbxI7JLUUImWa34NhhFNAggV5UTKvm3FykmJUIxyyKqDREJM6ISMoK9pSAKQTlqsz/CJVobYj4R+ocKF+rsjJYGU08DTlfmNct7Lxf+8fqL8SydlYZwoCOlskZ9wrCKc54GHTABVfKoJoYLpWzEdE0Go0qlVdQj2/JcXSeesbp/XG7eNWvOqjKOCjtAxOkU2ukBNdINaqI0oekTP6BW9GU/Gi/FufMxKl4yy5wD9gfH5A9S4l7c=</latexit>x1
<latexit sha1_base64="GIda0lYSWYOUwzy0b49PWxDBZoo=">AAACAnicbVDNS8MwHE3n15xfVU/iJTgET6OVoR6HXjxOcB+wlpJm6RaWpiVJhVKKF/8VLx4U8epf4c3/xrTrQTcfBB7v/b7y/JhRqSzr26itrK6tb9Q3G1vbO7t75v5BX0aJwKSHIxaJoY8kYZSTnqKKkWEsCAp9Rgb+7KbwBw9ESBrxe5XGxA3RhNOAYqS05JlHTjkj81lCcuiESE39IEtzz/bMptWySsBlYlekCSp0PfPLGUc4CQlXmCEpR7YVKzdDQlHMSN5wEklihGdoQkaachQS6Wbl+hyeamUMg0joxxUs1d8dGQqlTENfVxY3ykWvEP/zRokKrtyM8jhRhOP5oiBhUEWwyAOOqSBYsVQThAXVt0I8RQJhpVNr6BDsxS8vk/55y75ote/azc51FUcdHIMTcAZscAk64BZ0QQ9g8AiewSt4M56MF+Pd+JiX1oyq5xD8gfH5A9Y/l7g=</latexit>y1

<latexit sha1_base64="Hi6oIcHiZ2Aw+h6Vowmw1jBaWgA=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWZE1GXRjcsK9gGdoWTSTBuayQxJRhiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnSATXxnG+UWVtfWNzq7pd29nd2z+oHx51dZwqyjo0FrHqB0QzwSXrGG4E6yeKkSgQrBdM7wq/98SU5rF8NFnC/IiMJQ85JcZKnhcRMwnCPJsN5bDecJrOHHiVuCVpQIn2sP7ljWKaRkwaKojWA9dJjJ8TZTgVbFbzUs0SQqdkzAaWShIx7efzzDN8ZpURDmNlnzR4rv7eyEmkdRYFdrLIqJe9QvzPG6QmvPFzLpPUMEkXh8JUYBPjogA84opRIzJLCFXcZsV0QhShxtZUsyW4y19eJd2LpnvVvHy4bLRuyzqqcAKncA4uXEML7qENHaCQwDO8whtK0Qt6Rx+L0Qoqd47hD9DnD4tJkgc=</latexit>yn

<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=
<latexit sha1_base64="99bOuYEY1s2FQYyfUh3EzMNl2cY="></latexit>

 (x1,x2, . . . ,xn)

<latexit sha1_base64="XrSS0mlUc1kbqXK9QMlRgaAQ2rU="></latexit>

det

2

6664

y2

y1
...
yn

3

7775
<latexit sha1_base64="Cr9F3UUWIVS4ATr4/BRNa4iMtrY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArQT0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvatypV4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3d7jLo=</latexit>�



Alternatives to Determinants?
DeepWF

• Determinant evaluation scales as O(n3) - much better than O(n!), but not ideal


• There are simpler ways to build an antisymmetric function that scale as 
O(n2)…but empirically, don’t work well.

<latexit sha1_base64="Sy0E0W7ySOK6/x9no9ENZXEfoRY="></latexit>

 (r1, . . . , rn) =
Y

i<j

�(ri, rj)

<latexit sha1_base64="d3TnPd46ORGGEbbPfTMY/m7v4Vw=">AAACLXicbVDLSsNAFJ3UV62vqEs3g0VoQUsiRd0IRV24rGAf0IQwmU7aaScPZiZCCf0hN/6KCC4q4tbfcNJm0YcHBs6cey733uNGjAppGBMtt7a+sbmV3y7s7O7tH+iHR00RxhyTBg5ZyNsuEoTRgDQklYy0I06Q7zLScof3ab31QrigYfAsRxGxfdQLqEcxkkpy9Acr6tOS5SPZd72Ejx16Dud+gzK8hRfLnsGCh5YdvWhUjCngKjEzUgQZ6o7+YXVDHPskkJghITqmEUk7QVxSzMi4YMWCRAgPUY90FA2QT4SdTK8dwzOldKEXcvUCCafqfEeCfCFGvquc6ZJiuZaK/9U6sfRu7IQGUSxJgGeDvJhBGcI0OtilnGDJRoogzKnaFeI+4ghLFXBBhWAun7xKmpcV86pSfaoWa3dZHHlwAk5BCZjgGtTAI6iDBsDgFbyDCfjS3rRP7Vv7mVlzWtZzDBag/f4By+yofA==</latexit>

�(ri, rj) = ��(rj , ri)



Alternatives to Determinants?
DeepWF

• Determinant evaluation scales as O(n3) - much better than O(n!), but not ideal


• There are simpler ways to build an antisymmetric function that scale as 
O(n2)…but empirically, don’t work well.

T. Pang, S. Yan, M. Lin, arXiv (2022)J. Han, L. Zhang and W. E, J. Comp. Phys. (2019)



Alternatives to Determinants?
DeepWF

• Determinant evaluation scales as O(n3) - much better than O(n!), but not ideal


• There are simpler ways to build an antisymmetric function that scale as 
O(n2)…but empirically, don’t work well…sometimes worse than mean-field

T. Pang, S. Yan, M. Lin, arXiv (2022)J. Han, L. Zhang and W. E, J. Comp. Phys. (2019)



Cusp Conditions

• Coulomb potential diverges when particles overlap. Kinetic energy must exactly cancel divergent 
potential energy


• Leads to exact conditions on gradient of the wavefunction at a cusp. Must be non-differentiable

<latexit sha1_base64="BKleU/rS6F5jXtLhvYAbEXtQF8M="></latexit>

lim
rij!0

Z

|rij |=rij

dµ
@ 

@rij
= �ZiZj (rij = 0)

<latexit sha1_base64="97hvuKi+nWp1+U/wUmGDZjRToYk=">AAACH3icbVDLSsNAFJ34rPUVdelmsAh1UxIp1Y1QdOOygn3QJoTJdNJOO3kwMxFKmj9x46+4caGIuOvfOGmz0NYDA4dzzmXuPW7EqJCGMdPW1jc2t7YLO8Xdvf2DQ/3ouCXCmGPSxCELecdFgjAakKakkpFOxAnyXUba7vgu89tPhAsaBo9yEhHbR4OAehQjqSRHr7XKlo/k0PUSnjoJHaUX8AZaHkc46ToUdp1RmkyXItPU0UtGxZgDrhIzJyWQo+Ho31Y/xLFPAokZEqJnGpG0E8QlxYykRSsWJEJ4jAakp2iAfCLsZH5fCs+V0odeyNULJJyrvycS5Asx8V2VzBYVy14m/uf1Yuld2wkNoliSAC8+8mIGZQizsmCfcoIlmyiCMKdqV4iHSHUjVaVFVYK5fPIqaV1WzFql+lAt1W/zOgrgFJyBMjDBFaiDe9AATYDBM3gF7+BDe9HetE/taxFd0/KZE/AH2uwHkgSj/Q==</latexit>

V (rij) =
ZiZj

|rij |



Cusp Conditions

• Two approaches:


• Include a multiplicative term (Jastrow factor) with exact cusp conditions


• Include an input feature that is non-differentiable at the cusp and let the 
neural network learn the exact condition


• Surprisingly, the second works better for the FermiNet!

Jastrow Factor

<latexit sha1_base64="Bu6SzdOsEQ+uOQX1G0TN1ODTY6w="></latexit>

 (r1, . . . , rn) = U(r1, . . . , rn)
Y

i<j

exp (�ZiZj |ri � rj |)

Smooth antisymmetric function

(1)

(2)
<latexit sha1_base64="9XSZMV5cpS3YHY8zeo/YlsFlZAs="></latexit>

 (r1, . . . , rn) = U(r1, . . . , rn, |r1 � r2|, . . . , |rn�1 � rn|)
Smooth function with non-smooth inputs



Boundary Conditions

• For molecules, the wavefunction has open boundary conditions 

• But neural networks don’t go to zero as inputs grow


• Solution: add a multiplicative term that decays exponentially to each neural network output

<latexit sha1_base64="8NTrp4JMVl9BMEKmz441oyZIbIQ=">AAACHnicbVDJSgNBEO1xjXGLevTSGIQIEmbE7Sh68RjBLJAZhp5OT9LY0z101yhhyJd48Ve8eFBE8KR/Y2c5xOiDgsd7VVTVi1LBDbjutzM3v7C4tFxYKa6urW9slra2G0ZlmrI6VULpVkQME1yyOnAQrJVqRpJIsGZ0dzX0m/dMG67kLfRTFiSkK3nMKQErhaUTv2Z4xU8I9KI414PQO/RFR4E5xFOiPMC+5t0eEK3VA3bDUtmtuiPgv8SbkDKaoBaWPv2OolnCJFBBjGl7bgpBTjRwKtig6GeGpYTekS5rWypJwkyQj94b4H2rdHCstC0JeKROT+QkMaafRLZzeLKZ9Ybif147g/g8yLlMM2CSjhfFmcCg8DAr3OGaURB9SwjV3N6KaY9oQsEmWrQheLMv/yWNo6p3Wj2+OS5fXE7iKKBdtIcqyENn6AJdoxqqI4oe0TN6RW/Ok/PivDsf49Y5ZzKzg37B+foBG8Siew==</latexit>

 (r1, . . . , rn) ! 0 as
<latexit sha1_base64="m6bLKz24N1b5n4sfokCIpGFu1I4=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GwCncS1DJoYxnBfEAuHHubvWTJ3u6xO6eEI6WNf8XGQhFbf4Kd/8ZNcoUmPhh4vDfDzLwwEdyA6347S8srq2vrhY3i5tb2zm5pb79pVKopa1AllG6HxDDBJWsAB8HaiWYkDgVrhcPrid+6Z9pwJe9glLBuTPqSR5wSsFJQOvJjAoMwyvQ44NjXvD8AorV6wD6XEYyCUtmtuFPgReLlpIxy1IPSl99TNI2ZBCqIMR3PTaCbEQ2cCjYu+qlhCaFD0mcdSyWJmelm00fG+MQqPRwpbUsCnqq/JzISGzOKQ9s5OdvMexPxP6+TQnTZzbhMUmCSzhZFqcCg8CQV3OOaURAjSwjV3N6K6YBoQsFmV7QhePMvL5LmWcU7r1Rvq+XaVR5HAR2iY3SKPHSBaugG1VEDUfSIntErenOenBfn3fmYtS45+cwB+gPn8weQq5pV</latexit>ri ! 1

<latexit sha1_base64="qDf6pzroMMJvMcIkHWdR/tYPv+o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6q/mW1dl+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB85dj0s=</latexit>...
<latexit sha1_base64="Hi6oIcHiZ2Aw+h6Vowmw1jBaWgA=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWZE1GXRjcsK9gGdoWTSTBuayQxJRhiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnSATXxnG+UWVtfWNzq7pd29nd2z+oHx51dZwqyjo0FrHqB0QzwSXrGG4E6yeKkSgQrBdM7wq/98SU5rF8NFnC/IiMJQ85JcZKnhcRMwnCPJsN5bDecJrOHHiVuCVpQIn2sP7ljWKaRkwaKojWA9dJjJ8TZTgVbFbzUs0SQqdkzAaWShIx7efzzDN8ZpURDmNlnzR4rv7eyEmkdRYFdrLIqJe9QvzPG6QmvPFzLpPUMEkXh8JUYBPjogA84opRIzJLCFXcZsV0QhShxtZUsyW4y19eJd2LpnvVvHy4bLRuyzqqcAKncA4uXEML7qENHaCQwDO8whtK0Qt6Rx+L0Qoqd47hD9DnD4tJkgc=</latexit>yn

<latexit sha1_base64="DTgO+6+JnRDxHfjIpMa/CuNbnF4="></latexit>X

I

⇡Iexp(��I |ri �RI |)
<latexit sha1_base64="H2QEKlGQsWUs3fiF/O24nM4znlo=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWZE1GXRjcsK9gGdoWTSTBuayQxJRhiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnSATXxnG+UWVtfWNzq7pd29nd2z+oHx51dZwqyjo0FrHqB0QzwSXrGG4E6yeKkSgQrBdM7wq/98SU5rF8NFnC/IiMJQ85JcZKnhcRMwnCPJsN3WG94TSdOfAqcUvSgBLtYf3LG8U0jZg0VBCtB66TGD8nynAq2KzmpZolhE7JmA0slSRi2s/nmWf4zCojHMbKPmnwXP29kZNI6ywK7GSRUS97hfifN0hNeOPnXCapYZIuDoWpwCbGRQF4xBWjRmSWEKq4zYrphChCja2pZktwl7+8SroXTfeqeflw2WjdlnVU4QRO4RxcuIYW3EMbOkAhgWd4hTeUohf0jj4WoxVU7hzDH6DPHy7Vkco=</latexit>y1

<latexit sha1_base64="H+lCXV6Le/E7ltViIriE4L0W3/c=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSlqMuiG5cV7AOaUCbTSTt0MgkzEyGE/oYbF4q49Wfc+TdO0iy09cDA4Zx7uWeOH3OmtG1/W5WNza3tnepubW//4PCofnzSV1EiCe2RiEdy6GNFORO0p5nmdBhLikOf04E/v8v9wROVikXiUacx9UI8FSxgBGsjuW6I9cwPsnQxbo3rDbtpF0DrxClJA0p0x/UvdxKRJKRCE46VGjl2rL0MS80Ip4uamygaYzLHUzoyVOCQKi8rMi/QhVEmKIikeUKjQv29keFQqTT0zWSeUa16ufifN0p0cONlTMSJpoIsDwUJRzpCeQFowiQlmqeGYCKZyYrIDEtMtKmpZkpwVr+8TvqtpnPVbD+0G53bso4qnME5XIID19CBe+hCDwjE8Ayv8GYl1ov1bn0sRytWuXMKf2B9/gAwWZHL</latexit>y2

<latexit sha1_base64="rNk6xiTvJrgfvumlAhpelGHxp34=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4CmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByl/udJ1Sax/LRTBPsR3QkecgZNVby/YiacRBmajbwBtWaW3fnIKvEK0gNCjQH1S9/GLM0QmmYoFr3PDcx/Ywqw5nAWcVPNSaUTegIe5ZKGqHuZ/PMM3JmlSEJY2WfNGSu/t7IaKT1NArsZJ5RL3u5+J/XS01408+4TFKDki0OhakgJiZ5AWTIFTIjppZQprjNStiYKsqMraliS/CWv7xK2hd176p++XBZa9wWdZThBE7hHDy4hgbcQxNawCCBZ3iFNyd1Xpx352MxWnKKnWP4A+fzByQkkcM=</latexit>r1
<latexit sha1_base64="B7rOSMIZUiNFKhNa+vck7hOZgDY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi6LblxWsA/oDCWTZtrQTDIkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1TJVhHaI5FL1Q6wpZ4J2DDOc9hNFcRxy2gund7nfe6JKMykezSyhQYzHgkWMYGMl34+xmYRRpubDxrBac+vuAmideAWpQYH2sPrljyRJYyoM4VjrgecmJsiwMoxwOq/4qaYJJlM8pgNLBY6pDrJF5jm6sMoIRVLZJwxaqL83MhxrPYtDO5ln1KteLv7nDVIT3QQZE0lqqCDLQ1HKkZEoLwCNmKLE8JklmChmsyIywQoTY2uq2BK81S+vk26j7l3Vmw/NWuu2qKMMZ3AOl+DBNbTgHtrQAQIJPMMrvDmp8+K8Ox/L0ZJT7JzCHzifPyWokcQ=</latexit>r2

<latexit sha1_base64="39W1usoqUgslOzIqD8bpgRd8ItM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4CmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByl/udJ1Sax/LRTBPsR3QkecgZNVby/YiacRBmajaQg2rNrbtzkFXiFaQGBZqD6pc/jFkaoTRMUK17npuYfkaV4UzgrOKnGhPKJnSEPUsljVD3s3nmGTmzypCEsbJPGjJXf29kNNJ6GgV2Ms+ol71c/M/rpSa86WdcJqlByRaHwlQQE5O8ADLkCpkRU0soU9xmJWxMFWXG1lSxJXjLX14l7Yu6d1W/fLisNW6LOspwAqdwDh5cQwPuoQktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5A4CYkgA=</latexit>rn



Fermionic Neural Networks
Architecture

D. Pfau, J. S. Spencer, A. G. G. Matthews and W. M. C. Foulkes, PRResearch (2020)



Fermionic Neural Networks
Architecture

D. Pfau, J. S. Spencer, A. G. G. Matthews and W. M. C. Foulkes, PRResearch (2020)

Input features:


Electron positions relative to the nuclei, differences between all pairs of electrons, and 
distances to the nuclei and between electrons (non-smooth at the cusps)



Fermionic Neural Networks
Architecture

D. Pfau, J. S. Spencer, A. G. G. Matthews and W. M. C. Foulkes, PRResearch (2020)

Two-electron stream:


Independent MLPs. Feeds information into the one electron stream, but not the other way 
around



Fermionic Neural Networks
Architecture

D. Pfau, J. S. Spencer, A. G. G. Matthews and W. M. C. Foulkes, PRResearch (2020)

One-electron stream:


Integrates information both from other one-electron vectors and two-electron vectors



Fermionic Neural Networks
Architecture

D. Pfau, J. S. Spencer, A. G. G. Matthews and W. M. C. Foulkes, PRResearch (2020)

One-electron stream:


Split vectors from one- and two-electron streams into spin-up and spin-down, sum together 
to form invariant representation, concatenate to form equivariant inputs to linear layer



Fermionic Neural Networks
Architecture

D. Pfau, J. S. Spencer, A. G. G. Matthews and W. M. C. Foulkes, PRResearch (2020)

Envelopes (not pictured):


Enforce open boundary conditions



Fermionic Neural Networks
Architecture

D. Pfau, J. S. Spencer, A. G. G. Matthews and W. M. C. Foulkes, PRResearch (2020)

Determinants:


Sum over multiple determinants (O(10)) to increase representational capacity



Fermionic Neural Networks
Optimization

D. Pfau, J. S. Spencer, A. G. G. Matthews and W. M. C. Foulkes, PRResearch (2020)
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Fermionic Neural Networks
Optimization

• Can’t just plug into standard optimizers like ADAM. 


• Need something stronger: Kronecker-Factored Approximate Curvature, approximate second-order method

D. Pfau, J. S. Spencer, A. G. G. Matthews and W. M. C. Foulkes, PRResearch (2020)
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Fermionic Neural Networks
Results

• FermiNet is substantially more accurate, even with one determinant!
D. Pfau, J. S. Spencer, A. G. G. Matthews and W. M. C. Foulkes, PRResearch (2020)



Fermionic Neural Networks
Results

• Only need a few dozen determinants to reach high accuracy
D. Pfau, J. S. Spencer, A. G. G. Matthews and W. M. C. Foulkes, PRResearch (2020)



Fermionic Neural Networks
Results

• Competitive with state-of-the-art methods on the hydrogen chain H10

D. Pfau, J. S. Spencer, A. G. G. Matthews and W. M. C. Foulkes, PRResearch (2020)



Fermionic Neural Networks
Results

• Outperforms CCSD(T) on nitrogen dissociation
D. Pfau, J. S. Spencer, A. G. G. Matthews and W. M. C. Foulkes, PRResearch (2020)



Fermionic Neural Networks
Results

• Absolute energies on molecules better than any unextrapolated results
D. Pfau, J. S. Spencer, A. G. G. Matthews and W. M. C. Foulkes, PRResearch (2020)



Fermionic Neural Networks

• Relative energies on molecules matches state-of-the-art methods
J. S. Spencer, D. Pfau, A. Botev and W.M.C. Foulkes, arXiv (2020)

Results



PauliNet
Architecture

• More hard-coded physics knowledge than FermiNet


• Hartree-Fock solution is built in to network, rather 
than used to pretrain the network


• Cusp conditions are given by exact Jastrow factor 
instead of learned


• Equivariant two-electron features inspired by SchNet


• Fewer parameters


• Faster to train, but less accurate

Number of electrons
Number of spin-up electrons
Number of spin-down electrons
Number of nuclei
Embedding dimension, electrons
Embedding dimension, nuclei

xn

Equivariant Interaction
Block

Hartree
Fock

Backflow Jastrow Electronic
Cusps

xn+1
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Fixed function

Neural Network 
(trainable function)

detdet

�
<latexit sha1_base64="qxhORmigq1EqYxYkjvI6OZcf+6Q=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMFUwttKJvNpl262Q27E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvygQ36HnfTmVtfWNzq7pd29nd2z+oHx51jMo1ZQFVQuluRAwTXLIAOQrWzTQjaSTYYzS+nfmPT0wbruQDTjIWpmQoecIpQSsFfRUrHNQbXtObw10lfkkaUKI9qH/1Y0XzlEmkghjT870Mw4Jo5FSwaa2fG5YROiZD1rNUkpSZsJgfO3XPrBK7idK2JLpz9fdEQVJjJmlkO1OCI7PszcT/vF6OyXVYcJnlyCRdLEpy4aJyZ5+7MdeMophYQqjm9laXjogmFG0+NRuCv/zyKulcNH2v6d9fNlo3ZRxVOIFTOAcfrqAFd9CGAChweIZXeHOk8+K8Ox+L1opTzhzDHzifP+tejr4=</latexit><latexit sha1_base64="qxhORmigq1EqYxYkjvI6OZcf+6Q=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMFUwttKJvNpl262Q27E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvygQ36HnfTmVtfWNzq7pd29nd2z+oHx51jMo1ZQFVQuluRAwTXLIAOQrWzTQjaSTYYzS+nfmPT0wbruQDTjIWpmQoecIpQSsFfRUrHNQbXtObw10lfkkaUKI9qH/1Y0XzlEmkghjT870Mw4Jo5FSwaa2fG5YROiZD1rNUkpSZsJgfO3XPrBK7idK2JLpz9fdEQVJjJmlkO1OCI7PszcT/vF6OyXVYcJnlyCRdLEpy4aJyZ5+7MdeMophYQqjm9laXjogmFG0+NRuCv/zyKulcNH2v6d9fNlo3ZRxVOIFTOAcfrqAFd9CGAChweIZXeHOk8+K8Ox+L1opTzhzDHzifP+tejr4=</latexit><latexit sha1_base64="qxhORmigq1EqYxYkjvI6OZcf+6Q=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMFUwttKJvNpl262Q27E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvygQ36HnfTmVtfWNzq7pd29nd2z+oHx51jMo1ZQFVQuluRAwTXLIAOQrWzTQjaSTYYzS+nfmPT0wbruQDTjIWpmQoecIpQSsFfRUrHNQbXtObw10lfkkaUKI9qH/1Y0XzlEmkghjT870Mw4Jo5FSwaa2fG5YROiZD1rNUkpSZsJgfO3XPrBK7idK2JLpz9fdEQVJjJmlkO1OCI7PszcT/vF6OyXVYcJnlyCRdLEpy4aJyZ5+7MdeMophYQqjm9laXjogmFG0+NRuCv/zyKulcNH2v6d9fNlo3ZRxVOIFTOAcfrqAFd9CGAChweIZXeHOk8+K8Ox+L1opTzhzDHzifP+tejr4=</latexit><latexit sha1_base64="qxhORmigq1EqYxYkjvI6OZcf+6Q=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMFUwttKJvNpl262Q27E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvygQ36HnfTmVtfWNzq7pd29nd2z+oHx51jMo1ZQFVQuluRAwTXLIAOQrWzTQjaSTYYzS+nfmPT0wbruQDTjIWpmQoecIpQSsFfRUrHNQbXtObw10lfkkaUKI9qH/1Y0XzlEmkghjT870Mw4Jo5FSwaa2fG5YROiZD1rNUkpSZsJgfO3XPrBK7idK2JLpz9fdEQVJjJmlkO1OCI7PszcT/vF6OyXVYcJnlyCRdLEpy4aJyZ5+7MdeMophYQqjm9laXjogmFG0+NRuCv/zyKulcNH2v6d9fNlo3ZRxVOIFTOAcfrqAFd9CGAChweIZXeHOk8+K8Ox+L1opTzhzDHzifP+tejr4=</latexit>

 
<latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit>
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f"
<latexit sha1_base64="D5PkkFUfWvzsd/XlqP7dQGIqirA=">AAAB/HicbVDLSsNAFL3xWesr2qWbYBFclUQEXRbduKxgH9DEMplO2qGTmTAzUUKov+LGhSJu/RB3/o2TNgttPTBwOOde7pkTJowq7brf1srq2vrGZmWrur2zu7dvHxx2lEglJm0smJC9ECnCKCdtTTUjvUQSFIeMdMPJdeF3H4hUVPA7nSUkiNGI04hipI00sGt+jPQ4jPJoeu+nCZJSPA7suttwZ3CWiVeSOpRoDewvfyhwGhOuMUNK9T030UGOpKaYkWnVTxVJEJ6gEekbylFMVJDPwk+dE6MMnUhI87h2ZurvjRzFSmVxaCaLqGrRK8T/vH6qo8sgpzxJNeF4fihKmaOFUzThDKkkWLPMEIQlNVkdPEYSYW36qpoSvMUvL5POWcNzG97teb15VdZRgSM4hlPw4AKacAMtaAOGDJ7hFd6sJ+vFerc+5qMrVrlTgz+wPn8AmbmVXw==</latexit><latexit sha1_base64="D5PkkFUfWvzsd/XlqP7dQGIqirA=">AAAB/HicbVDLSsNAFL3xWesr2qWbYBFclUQEXRbduKxgH9DEMplO2qGTmTAzUUKov+LGhSJu/RB3/o2TNgttPTBwOOde7pkTJowq7brf1srq2vrGZmWrur2zu7dvHxx2lEglJm0smJC9ECnCKCdtTTUjvUQSFIeMdMPJdeF3H4hUVPA7nSUkiNGI04hipI00sGt+jPQ4jPJoeu+nCZJSPA7suttwZ3CWiVeSOpRoDewvfyhwGhOuMUNK9T030UGOpKaYkWnVTxVJEJ6gEekbylFMVJDPwk+dE6MMnUhI87h2ZurvjRzFSmVxaCaLqGrRK8T/vH6qo8sgpzxJNeF4fihKmaOFUzThDKkkWLPMEIQlNVkdPEYSYW36qpoSvMUvL5POWcNzG97teb15VdZRgSM4hlPw4AKacAMtaAOGDJ7hFd6sJ+vFerc+5qMrVrlTgz+wPn8AmbmVXw==</latexit><latexit sha1_base64="D5PkkFUfWvzsd/XlqP7dQGIqirA=">AAAB/HicbVDLSsNAFL3xWesr2qWbYBFclUQEXRbduKxgH9DEMplO2qGTmTAzUUKov+LGhSJu/RB3/o2TNgttPTBwOOde7pkTJowq7brf1srq2vrGZmWrur2zu7dvHxx2lEglJm0smJC9ECnCKCdtTTUjvUQSFIeMdMPJdeF3H4hUVPA7nSUkiNGI04hipI00sGt+jPQ4jPJoeu+nCZJSPA7suttwZ3CWiVeSOpRoDewvfyhwGhOuMUNK9T030UGOpKaYkWnVTxVJEJ6gEekbylFMVJDPwk+dE6MMnUhI87h2ZurvjRzFSmVxaCaLqGrRK8T/vH6qo8sgpzxJNeF4fihKmaOFUzThDKkkWLPMEIQlNVkdPEYSYW36qpoSvMUvL5POWcNzG97teb15VdZRgSM4hlPw4AKacAMtaAOGDJ7hFd6sJ+vFerc+5qMrVrlTgz+wPn8AmbmVXw==</latexit><latexit sha1_base64="D5PkkFUfWvzsd/XlqP7dQGIqirA=">AAAB/HicbVDLSsNAFL3xWesr2qWbYBFclUQEXRbduKxgH9DEMplO2qGTmTAzUUKov+LGhSJu/RB3/o2TNgttPTBwOOde7pkTJowq7brf1srq2vrGZmWrur2zu7dvHxx2lEglJm0smJC9ECnCKCdtTTUjvUQSFIeMdMPJdeF3H4hUVPA7nSUkiNGI04hipI00sGt+jPQ4jPJoeu+nCZJSPA7suttwZ3CWiVeSOpRoDewvfyhwGhOuMUNK9T030UGOpKaYkWnVTxVJEJ6gEekbylFMVJDPwk+dE6MMnUhI87h2ZurvjRzFSmVxaCaLqGrRK8T/vH6qo8sgpzxJNeF4fihKmaOFUzThDKkkWLPMEIQlNVkdPEYSYW36qpoSvMUvL5POWcNzG97teb15VdZRgSM4hlPw4AKacAMtaAOGDJ7hFd6sJ+vFerc+5qMrVrlTgz+wPn8AmbmVXw==</latexit>

f#
<latexit sha1_base64="Jvkt9AsgpWz3v17SS5M3Ekr3ZIY=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJUZEXRZdOOygn1AW0smzbShmWRIMpYyFPwVNy4Ucet3uPNvzLSz0NYDgcO593BPThBzpo3nfTuFldW19Y3iZmlre2d3z90/aGiZKELrRHKpWgHWlDNB64YZTluxojgKOG0Go5ts3nykSjMp7s0kpt0IDwQLGcHGSj33qBNhMwzCNJw+dPpyLLBSctxzy17FmwEtEz8nZchR67lf1kySiApDONa67Xux6aZYGUY4nZY6iaYxJiM8oG1LBY6o7qaz+FN0apU+CqWyTxg0U387UhxpPYkCu5mF1YuzTPxv1k5MeNVNmYgTQwWZHwoTjoxEWReozxQlhk8swUQxmxWRIVaYGNtYyZbgL355mTTOK75X8e8uytXrvI4iHMMJnIEPl1CFW6hBHQik8Ayv8OY8OS/Ou/MxXy04uecQ/sD5/AEz6pZG</latexit><latexit sha1_base64="Jvkt9AsgpWz3v17SS5M3Ekr3ZIY=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJUZEXRZdOOygn1AW0smzbShmWRIMpYyFPwVNy4Ucet3uPNvzLSz0NYDgcO593BPThBzpo3nfTuFldW19Y3iZmlre2d3z90/aGiZKELrRHKpWgHWlDNB64YZTluxojgKOG0Go5ts3nykSjMp7s0kpt0IDwQLGcHGSj33qBNhMwzCNJw+dPpyLLBSctxzy17FmwEtEz8nZchR67lf1kySiApDONa67Xux6aZYGUY4nZY6iaYxJiM8oG1LBY6o7qaz+FN0apU+CqWyTxg0U387UhxpPYkCu5mF1YuzTPxv1k5MeNVNmYgTQwWZHwoTjoxEWReozxQlhk8swUQxmxWRIVaYGNtYyZbgL355mTTOK75X8e8uytXrvI4iHMMJnIEPl1CFW6hBHQik8Ayv8OY8OS/Ou/MxXy04uecQ/sD5/AEz6pZG</latexit><latexit sha1_base64="Jvkt9AsgpWz3v17SS5M3Ekr3ZIY=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJUZEXRZdOOygn1AW0smzbShmWRIMpYyFPwVNy4Ucet3uPNvzLSz0NYDgcO593BPThBzpo3nfTuFldW19Y3iZmlre2d3z90/aGiZKELrRHKpWgHWlDNB64YZTluxojgKOG0Go5ts3nykSjMp7s0kpt0IDwQLGcHGSj33qBNhMwzCNJw+dPpyLLBSctxzy17FmwEtEz8nZchR67lf1kySiApDONa67Xux6aZYGUY4nZY6iaYxJiM8oG1LBY6o7qaz+FN0apU+CqWyTxg0U387UhxpPYkCu5mF1YuzTPxv1k5MeNVNmYgTQwWZHwoTjoxEWReozxQlhk8swUQxmxWRIVaYGNtYyZbgL355mTTOK75X8e8uytXrvI4iHMMJnIEPl1CFW6hBHQik8Ayv8OY8OS/Ou/MxXy04uecQ/sD5/AEz6pZG</latexit><latexit sha1_base64="Jvkt9AsgpWz3v17SS5M3Ekr3ZIY=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJUZEXRZdOOygn1AW0smzbShmWRIMpYyFPwVNy4Ucet3uPNvzLSz0NYDgcO593BPThBzpo3nfTuFldW19Y3iZmlre2d3z90/aGiZKELrRHKpWgHWlDNB64YZTluxojgKOG0Go5ts3nykSjMp7s0kpt0IDwQLGcHGSj33qBNhMwzCNJw+dPpyLLBSctxzy17FmwEtEz8nZchR67lf1kySiApDONa67Xux6aZYGUY4nZY6iaYxJiM8oG1LBY6o7qaz+FN0apU+CqWyTxg0U387UhxpPYkCu5mF1YuzTPxv1k5MeNVNmYgTQwWZHwoTjoxEWReozxQlhk8swUQxmxWRIVaYGNtYyZbgL355mTTOK75X8e8uytXrvI4iHMMJnIEPl1CFW6hBHQik8Ayv8OY8OS/Ou/MxXy04uecQ/sD5/AEz6pZG</latexit>

N"⇥N"
<latexit sha1_base64="qScEC8Woz4VmELW39UVedTRhDV8=">AAACHnicbVDLSsNAFJ34rPEVdelmsAhuLIlYdFl040oq2Ac0sUymk3boTBLmoZTQL3Hjr7hxoYjgSv/GaRuwth4YOJxzLnfuCVNGpXLdb2thcWl5ZbWwZq9vbG5tOzu7dZlogUkNJywRzRBJwmhMaooqRpqpIIiHjDTC/uXIb9wTIWkS36pBSgKOujGNKEbKSG2nfH3n6xQJkTxAn8s+TeFxmWvoK8qJnJZs+BttO0W35I4B54mXkyLIUW07n34nwZqTWGGGpGx5bqqCDAlFMSND29eSpAj3UZe0DI2RWR5k4/OG8NAoHRglwrxYwbE6PZEhLuWAhybJkerJWW8k/ue1tIrOg4zGqVYkxpNFkWZQJXDUFexQQbBiA0MQFtT8FeIeEggr06htSvBmT54n9ZOS55a8m9Ni5SKvowD2wQE4Ah44AxVwBaqgBjB4BM/gFbxZT9aL9W59TKILVj6zB/7A+voB9dyhvQ==</latexit><latexit sha1_base64="qScEC8Woz4VmELW39UVedTRhDV8=">AAACHnicbVDLSsNAFJ34rPEVdelmsAhuLIlYdFl040oq2Ac0sUymk3boTBLmoZTQL3Hjr7hxoYjgSv/GaRuwth4YOJxzLnfuCVNGpXLdb2thcWl5ZbWwZq9vbG5tOzu7dZlogUkNJywRzRBJwmhMaooqRpqpIIiHjDTC/uXIb9wTIWkS36pBSgKOujGNKEbKSG2nfH3n6xQJkTxAn8s+TeFxmWvoK8qJnJZs+BttO0W35I4B54mXkyLIUW07n34nwZqTWGGGpGx5bqqCDAlFMSND29eSpAj3UZe0DI2RWR5k4/OG8NAoHRglwrxYwbE6PZEhLuWAhybJkerJWW8k/ue1tIrOg4zGqVYkxpNFkWZQJXDUFexQQbBiA0MQFtT8FeIeEggr06htSvBmT54n9ZOS55a8m9Ni5SKvowD2wQE4Ah44AxVwBaqgBjB4BM/gFbxZT9aL9W59TKILVj6zB/7A+voB9dyhvQ==</latexit><latexit sha1_base64="qScEC8Woz4VmELW39UVedTRhDV8=">AAACHnicbVDLSsNAFJ34rPEVdelmsAhuLIlYdFl040oq2Ac0sUymk3boTBLmoZTQL3Hjr7hxoYjgSv/GaRuwth4YOJxzLnfuCVNGpXLdb2thcWl5ZbWwZq9vbG5tOzu7dZlogUkNJywRzRBJwmhMaooqRpqpIIiHjDTC/uXIb9wTIWkS36pBSgKOujGNKEbKSG2nfH3n6xQJkTxAn8s+TeFxmWvoK8qJnJZs+BttO0W35I4B54mXkyLIUW07n34nwZqTWGGGpGx5bqqCDAlFMSND29eSpAj3UZe0DI2RWR5k4/OG8NAoHRglwrxYwbE6PZEhLuWAhybJkerJWW8k/ue1tIrOg4zGqVYkxpNFkWZQJXDUFexQQbBiA0MQFtT8FeIeEggr06htSvBmT54n9ZOS55a8m9Ni5SKvowD2wQE4Ah44AxVwBaqgBjB4BM/gFbxZT9aL9W59TKILVj6zB/7A+voB9dyhvQ==</latexit><latexit sha1_base64="qScEC8Woz4VmELW39UVedTRhDV8=">AAACHnicbVDLSsNAFJ34rPEVdelmsAhuLIlYdFl040oq2Ac0sUymk3boTBLmoZTQL3Hjr7hxoYjgSv/GaRuwth4YOJxzLnfuCVNGpXLdb2thcWl5ZbWwZq9vbG5tOzu7dZlogUkNJywRzRBJwmhMaooqRpqpIIiHjDTC/uXIb9wTIWkS36pBSgKOujGNKEbKSG2nfH3n6xQJkTxAn8s+TeFxmWvoK8qJnJZs+BttO0W35I4B54mXkyLIUW07n34nwZqTWGGGpGx5bqqCDAlFMSND29eSpAj3UZe0DI2RWR5k4/OG8NAoHRglwrxYwbE6PZEhLuWAhybJkerJWW8k/ue1tIrOg4zGqVYkxpNFkWZQJXDUFexQQbBiA0MQFtT8FeIeEggr06htSvBmT54n9ZOS55a8m9Ni5SKvowD2wQE4Ah44AxVwBaqgBjB4BM/gFbxZT9aL9W59TKILVj6zB/7A+voB9dyhvQ==</latexit>

N#⇥N#
<latexit sha1_base64="HSEwVACCdizL3fG1pK9SIyW4es0=">AAACInicbVDLSgMxFM34rONr1KWbYBHcWGZEUXdFN66kgn1AZyyZNNOGJpkhyVjK0G9x46+4caGoK8GPMW1nUVsPBA7nnMvNPWHCqNKu+20tLC4tr6wW1uz1jc2tbWdnt6biVGJSxTGLZSNEijAqSFVTzUgjkQTxkJF62Lse+fVHIhWNxb0eJCTgqCNoRDHSRmo5l7cPfjvuCyRl3Ic+Vz2awOMznkJfU07UtGTD6XDLKboldww4T7ycFEGOSsv5NMM45URozJBSTc9NdJAhqSlmZGj7qSIJwj3UIU1DBTLrg2x84hAeGqUNo1iaJzQcq9MTGeJKDXhokhzprpr1RuJ/XjPV0UWQUZGkmgg8WRSlDOoYjvqCbSoJ1mxgCMKSmr9C3EUSYW1atU0J3uzJ86R2UvLcknd3Wixf5XUUwD44AEfAA+egDG5ABVQBBk/gBbyBd+vZerU+rK9JdMHKZ/bAH1g/v17Fo4s=</latexit><latexit sha1_base64="HSEwVACCdizL3fG1pK9SIyW4es0=">AAACInicbVDLSgMxFM34rONr1KWbYBHcWGZEUXdFN66kgn1AZyyZNNOGJpkhyVjK0G9x46+4caGoK8GPMW1nUVsPBA7nnMvNPWHCqNKu+20tLC4tr6wW1uz1jc2tbWdnt6biVGJSxTGLZSNEijAqSFVTzUgjkQTxkJF62Lse+fVHIhWNxb0eJCTgqCNoRDHSRmo5l7cPfjvuCyRl3Ic+Vz2awOMznkJfU07UtGTD6XDLKboldww4T7ycFEGOSsv5NMM45URozJBSTc9NdJAhqSlmZGj7qSIJwj3UIU1DBTLrg2x84hAeGqUNo1iaJzQcq9MTGeJKDXhokhzprpr1RuJ/XjPV0UWQUZGkmgg8WRSlDOoYjvqCbSoJ1mxgCMKSmr9C3EUSYW1atU0J3uzJ86R2UvLcknd3Wixf5XUUwD44AEfAA+egDG5ABVQBBk/gBbyBd+vZerU+rK9JdMHKZ/bAH1g/v17Fo4s=</latexit><latexit sha1_base64="HSEwVACCdizL3fG1pK9SIyW4es0=">AAACInicbVDLSgMxFM34rONr1KWbYBHcWGZEUXdFN66kgn1AZyyZNNOGJpkhyVjK0G9x46+4caGoK8GPMW1nUVsPBA7nnMvNPWHCqNKu+20tLC4tr6wW1uz1jc2tbWdnt6biVGJSxTGLZSNEijAqSFVTzUgjkQTxkJF62Lse+fVHIhWNxb0eJCTgqCNoRDHSRmo5l7cPfjvuCyRl3Ic+Vz2awOMznkJfU07UtGTD6XDLKboldww4T7ycFEGOSsv5NMM45URozJBSTc9NdJAhqSlmZGj7qSIJwj3UIU1DBTLrg2x84hAeGqUNo1iaJzQcq9MTGeJKDXhokhzprpr1RuJ/XjPV0UWQUZGkmgg8WRSlDOoYjvqCbSoJ1mxgCMKSmr9C3EUSYW1atU0J3uzJ86R2UvLcknd3Wixf5XUUwD44AEfAA+egDG5ABVQBBk/gBbyBd+vZerU+rK9JdMHKZ/bAH1g/v17Fo4s=</latexit><latexit sha1_base64="HSEwVACCdizL3fG1pK9SIyW4es0=">AAACInicbVDLSgMxFM34rONr1KWbYBHcWGZEUXdFN66kgn1AZyyZNNOGJpkhyVjK0G9x46+4caGoK8GPMW1nUVsPBA7nnMvNPWHCqNKu+20tLC4tr6wW1uz1jc2tbWdnt6biVGJSxTGLZSNEijAqSFVTzUgjkQTxkJF62Lse+fVHIhWNxb0eJCTgqCNoRDHSRmo5l7cPfjvuCyRl3Ic+Vz2awOMznkJfU07UtGTD6XDLKboldww4T7ycFEGOSsv5NMM45URozJBSTc9NdJAhqSlmZGj7qSIJwj3UIU1DBTLrg2x84hAeGqUNo1iaJzQcq9MTGeJKDXhokhzprpr1RuJ/XjPV0UWQUZGkmgg8WRSlDOoYjvqCbSoJ1mxgCMKSmr9C3EUSYW1atU0J3uzJ86R2UvLcknd3Wixf5XUUwD44AEfAA+egDG5ABVQBBk/gBbyBd+vZerU+rK9JdMHKZ/bAH1g/v17Fo4s=</latexit>

N"⇥N"
<latexit sha1_base64="qScEC8Woz4VmELW39UVedTRhDV8=">AAACHnicbVDLSsNAFJ34rPEVdelmsAhuLIlYdFl040oq2Ac0sUymk3boTBLmoZTQL3Hjr7hxoYjgSv/GaRuwth4YOJxzLnfuCVNGpXLdb2thcWl5ZbWwZq9vbG5tOzu7dZlogUkNJywRzRBJwmhMaooqRpqpIIiHjDTC/uXIb9wTIWkS36pBSgKOujGNKEbKSG2nfH3n6xQJkTxAn8s+TeFxmWvoK8qJnJZs+BttO0W35I4B54mXkyLIUW07n34nwZqTWGGGpGx5bqqCDAlFMSND29eSpAj3UZe0DI2RWR5k4/OG8NAoHRglwrxYwbE6PZEhLuWAhybJkerJWW8k/ue1tIrOg4zGqVYkxpNFkWZQJXDUFexQQbBiA0MQFtT8FeIeEggr06htSvBmT54n9ZOS55a8m9Ni5SKvowD2wQE4Ah44AxVwBaqgBjB4BM/gFbxZT9aL9W59TKILVj6zB/7A+voB9dyhvQ==</latexit><latexit sha1_base64="qScEC8Woz4VmELW39UVedTRhDV8=">AAACHnicbVDLSsNAFJ34rPEVdelmsAhuLIlYdFl040oq2Ac0sUymk3boTBLmoZTQL3Hjr7hxoYjgSv/GaRuwth4YOJxzLnfuCVNGpXLdb2thcWl5ZbWwZq9vbG5tOzu7dZlogUkNJywRzRBJwmhMaooqRpqpIIiHjDTC/uXIb9wTIWkS36pBSgKOujGNKEbKSG2nfH3n6xQJkTxAn8s+TeFxmWvoK8qJnJZs+BttO0W35I4B54mXkyLIUW07n34nwZqTWGGGpGx5bqqCDAlFMSND29eSpAj3UZe0DI2RWR5k4/OG8NAoHRglwrxYwbE6PZEhLuWAhybJkerJWW8k/ue1tIrOg4zGqVYkxpNFkWZQJXDUFexQQbBiA0MQFtT8FeIeEggr06htSvBmT54n9ZOS55a8m9Ni5SKvowD2wQE4Ah44AxVwBaqgBjB4BM/gFbxZT9aL9W59TKILVj6zB/7A+voB9dyhvQ==</latexit><latexit sha1_base64="qScEC8Woz4VmELW39UVedTRhDV8=">AAACHnicbVDLSsNAFJ34rPEVdelmsAhuLIlYdFl040oq2Ac0sUymk3boTBLmoZTQL3Hjr7hxoYjgSv/GaRuwth4YOJxzLnfuCVNGpXLdb2thcWl5ZbWwZq9vbG5tOzu7dZlogUkNJywRzRBJwmhMaooqRpqpIIiHjDTC/uXIb9wTIWkS36pBSgKOujGNKEbKSG2nfH3n6xQJkTxAn8s+TeFxmWvoK8qJnJZs+BttO0W35I4B54mXkyLIUW07n34nwZqTWGGGpGx5bqqCDAlFMSND29eSpAj3UZe0DI2RWR5k4/OG8NAoHRglwrxYwbE6PZEhLuWAhybJkerJWW8k/ue1tIrOg4zGqVYkxpNFkWZQJXDUFexQQbBiA0MQFtT8FeIeEggr06htSvBmT54n9ZOS55a8m9Ni5SKvowD2wQE4Ah44AxVwBaqgBjB4BM/gFbxZT9aL9W59TKILVj6zB/7A+voB9dyhvQ==</latexit><latexit sha1_base64="qScEC8Woz4VmELW39UVedTRhDV8=">AAACHnicbVDLSsNAFJ34rPEVdelmsAhuLIlYdFl040oq2Ac0sUymk3boTBLmoZTQL3Hjr7hxoYjgSv/GaRuwth4YOJxzLnfuCVNGpXLdb2thcWl5ZbWwZq9vbG5tOzu7dZlogUkNJywRzRBJwmhMaooqRpqpIIiHjDTC/uXIb9wTIWkS36pBSgKOujGNKEbKSG2nfH3n6xQJkTxAn8s+TeFxmWvoK8qJnJZs+BttO0W35I4B54mXkyLIUW07n34nwZqTWGGGpGx5bqqCDAlFMSND29eSpAj3UZe0DI2RWR5k4/OG8NAoHRglwrxYwbE6PZEhLuWAhybJkerJWW8k/ue1tIrOg4zGqVYkxpNFkWZQJXDUFexQQbBiA0MQFtT8FeIeEggr06htSvBmT54n9ZOS55a8m9Ni5SKvowD2wQE4Ah44AxVwBaqgBjB4BM/gFbxZT9aL9W59TKILVj6zB/7A+voB9dyhvQ==</latexit>

N"⇥N"
<latexit sha1_base64="qScEC8Woz4VmELW39UVedTRhDV8=">AAACHnicbVDLSsNAFJ34rPEVdelmsAhuLIlYdFl040oq2Ac0sUymk3boTBLmoZTQL3Hjr7hxoYjgSv/GaRuwth4YOJxzLnfuCVNGpXLdb2thcWl5ZbWwZq9vbG5tOzu7dZlogUkNJywRzRBJwmhMaooqRpqpIIiHjDTC/uXIb9wTIWkS36pBSgKOujGNKEbKSG2nfH3n6xQJkTxAn8s+TeFxmWvoK8qJnJZs+BttO0W35I4B54mXkyLIUW07n34nwZqTWGGGpGx5bqqCDAlFMSND29eSpAj3UZe0DI2RWR5k4/OG8NAoHRglwrxYwbE6PZEhLuWAhybJkerJWW8k/ue1tIrOg4zGqVYkxpNFkWZQJXDUFexQQbBiA0MQFtT8FeIeEggr06htSvBmT54n9ZOS55a8m9Ni5SKvowD2wQE4Ah44AxVwBaqgBjB4BM/gFbxZT9aL9W59TKILVj6zB/7A+voB9dyhvQ==</latexit><latexit sha1_base64="qScEC8Woz4VmELW39UVedTRhDV8=">AAACHnicbVDLSsNAFJ34rPEVdelmsAhuLIlYdFl040oq2Ac0sUymk3boTBLmoZTQL3Hjr7hxoYjgSv/GaRuwth4YOJxzLnfuCVNGpXLdb2thcWl5ZbWwZq9vbG5tOzu7dZlogUkNJywRzRBJwmhMaooqRpqpIIiHjDTC/uXIb9wTIWkS36pBSgKOujGNKEbKSG2nfH3n6xQJkTxAn8s+TeFxmWvoK8qJnJZs+BttO0W35I4B54mXkyLIUW07n34nwZqTWGGGpGx5bqqCDAlFMSND29eSpAj3UZe0DI2RWR5k4/OG8NAoHRglwrxYwbE6PZEhLuWAhybJkerJWW8k/ue1tIrOg4zGqVYkxpNFkWZQJXDUFexQQbBiA0MQFtT8FeIeEggr06htSvBmT54n9ZOS55a8m9Ni5SKvowD2wQE4Ah44AxVwBaqgBjB4BM/gFbxZT9aL9W59TKILVj6zB/7A+voB9dyhvQ==</latexit><latexit sha1_base64="qScEC8Woz4VmELW39UVedTRhDV8=">AAACHnicbVDLSsNAFJ34rPEVdelmsAhuLIlYdFl040oq2Ac0sUymk3boTBLmoZTQL3Hjr7hxoYjgSv/GaRuwth4YOJxzLnfuCVNGpXLdb2thcWl5ZbWwZq9vbG5tOzu7dZlogUkNJywRzRBJwmhMaooqRpqpIIiHjDTC/uXIb9wTIWkS36pBSgKOujGNKEbKSG2nfH3n6xQJkTxAn8s+TeFxmWvoK8qJnJZs+BttO0W35I4B54mXkyLIUW07n34nwZqTWGGGpGx5bqqCDAlFMSND29eSpAj3UZe0DI2RWR5k4/OG8NAoHRglwrxYwbE6PZEhLuWAhybJkerJWW8k/ue1tIrOg4zGqVYkxpNFkWZQJXDUFexQQbBiA0MQFtT8FeIeEggr06htSvBmT54n9ZOS55a8m9Ni5SKvowD2wQE4Ah44AxVwBaqgBjB4BM/gFbxZT9aL9W59TKILVj6zB/7A+voB9dyhvQ==</latexit><latexit sha1_base64="qScEC8Woz4VmELW39UVedTRhDV8=">AAACHnicbVDLSsNAFJ34rPEVdelmsAhuLIlYdFl040oq2Ac0sUymk3boTBLmoZTQL3Hjr7hxoYjgSv/GaRuwth4YOJxzLnfuCVNGpXLdb2thcWl5ZbWwZq9vbG5tOzu7dZlogUkNJywRzRBJwmhMaooqRpqpIIiHjDTC/uXIb9wTIWkS36pBSgKOujGNKEbKSG2nfH3n6xQJkTxAn8s+TeFxmWvoK8qJnJZs+BttO0W35I4B54mXkyLIUW07n34nwZqTWGGGpGx5bqqCDAlFMSND29eSpAj3UZe0DI2RWR5k4/OG8NAoHRglwrxYwbE6PZEhLuWAhybJkerJWW8k/ue1tIrOg4zGqVYkxpNFkWZQJXDUFexQQbBiA0MQFtT8FeIeEggr06htSvBmT54n9ZOS55a8m9Ni5SKvowD2wQE4Ah44AxVwBaqgBjB4BM/gFbxZT9aL9W59TKILVj6zB/7A+voB9dyhvQ==</latexit> N#⇥N#

<latexit sha1_base64="HSEwVACCdizL3fG1pK9SIyW4es0=">AAACInicbVDLSgMxFM34rONr1KWbYBHcWGZEUXdFN66kgn1AZyyZNNOGJpkhyVjK0G9x46+4caGoK8GPMW1nUVsPBA7nnMvNPWHCqNKu+20tLC4tr6wW1uz1jc2tbWdnt6biVGJSxTGLZSNEijAqSFVTzUgjkQTxkJF62Lse+fVHIhWNxb0eJCTgqCNoRDHSRmo5l7cPfjvuCyRl3Ic+Vz2awOMznkJfU07UtGTD6XDLKboldww4T7ycFEGOSsv5NMM45URozJBSTc9NdJAhqSlmZGj7qSIJwj3UIU1DBTLrg2x84hAeGqUNo1iaJzQcq9MTGeJKDXhokhzprpr1RuJ/XjPV0UWQUZGkmgg8WRSlDOoYjvqCbSoJ1mxgCMKSmr9C3EUSYW1atU0J3uzJ86R2UvLcknd3Wixf5XUUwD44AEfAA+egDG5ABVQBBk/gBbyBd+vZerU+rK9JdMHKZ/bAH1g/v17Fo4s=</latexit><latexit sha1_base64="HSEwVACCdizL3fG1pK9SIyW4es0=">AAACInicbVDLSgMxFM34rONr1KWbYBHcWGZEUXdFN66kgn1AZyyZNNOGJpkhyVjK0G9x46+4caGoK8GPMW1nUVsPBA7nnMvNPWHCqNKu+20tLC4tr6wW1uz1jc2tbWdnt6biVGJSxTGLZSNEijAqSFVTzUgjkQTxkJF62Lse+fVHIhWNxb0eJCTgqCNoRDHSRmo5l7cPfjvuCyRl3Ic+Vz2awOMznkJfU07UtGTD6XDLKboldww4T7ycFEGOSsv5NMM45URozJBSTc9NdJAhqSlmZGj7qSIJwj3UIU1DBTLrg2x84hAeGqUNo1iaJzQcq9MTGeJKDXhokhzprpr1RuJ/XjPV0UWQUZGkmgg8WRSlDOoYjvqCbSoJ1mxgCMKSmr9C3EUSYW1atU0J3uzJ86R2UvLcknd3Wixf5XUUwD44AEfAA+egDG5ABVQBBk/gBbyBd+vZerU+rK9JdMHKZ/bAH1g/v17Fo4s=</latexit><latexit sha1_base64="HSEwVACCdizL3fG1pK9SIyW4es0=">AAACInicbVDLSgMxFM34rONr1KWbYBHcWGZEUXdFN66kgn1AZyyZNNOGJpkhyVjK0G9x46+4caGoK8GPMW1nUVsPBA7nnMvNPWHCqNKu+20tLC4tr6wW1uz1jc2tbWdnt6biVGJSxTGLZSNEijAqSFVTzUgjkQTxkJF62Lse+fVHIhWNxb0eJCTgqCNoRDHSRmo5l7cPfjvuCyRl3Ic+Vz2awOMznkJfU07UtGTD6XDLKboldww4T7ycFEGOSsv5NMM45URozJBSTc9NdJAhqSlmZGj7qSIJwj3UIU1DBTLrg2x84hAeGqUNo1iaJzQcq9MTGeJKDXhokhzprpr1RuJ/XjPV0UWQUZGkmgg8WRSlDOoYjvqCbSoJ1mxgCMKSmr9C3EUSYW1atU0J3uzJ86R2UvLcknd3Wixf5XUUwD44AEfAA+egDG5ABVQBBk/gBbyBd+vZerU+rK9JdMHKZ/bAH1g/v17Fo4s=</latexit><latexit sha1_base64="HSEwVACCdizL3fG1pK9SIyW4es0=">AAACInicbVDLSgMxFM34rONr1KWbYBHcWGZEUXdFN66kgn1AZyyZNNOGJpkhyVjK0G9x46+4caGoK8GPMW1nUVsPBA7nnMvNPWHCqNKu+20tLC4tr6wW1uz1jc2tbWdnt6biVGJSxTGLZSNEijAqSFVTzUgjkQTxkJF62Lse+fVHIhWNxb0eJCTgqCNoRDHSRmo5l7cPfjvuCyRl3Ic+Vz2awOMznkJfU07UtGTD6XDLKboldww4T7ycFEGOSsv5NMM45URozJBSTc9NdJAhqSlmZGj7qSIJwj3UIU1DBTLrg2x84hAeGqUNo1iaJzQcq9MTGeJKDXhokhzprpr1RuJ/XjPV0UWQUZGkmgg8WRSlDOoYjvqCbSoJ1mxgCMKSmr9C3EUSYW1atU0J3uzJ86R2UvLcknd3Wixf5XUUwD44AEfAA+egDG5ABVQBBk/gBbyBd+vZerU+rK9JdMHKZ/bAH1g/v17Fo4s=</latexit>

N#⇥N#
<latexit sha1_base64="HSEwVACCdizL3fG1pK9SIyW4es0=">AAACInicbVDLSgMxFM34rONr1KWbYBHcWGZEUXdFN66kgn1AZyyZNNOGJpkhyVjK0G9x46+4caGoK8GPMW1nUVsPBA7nnMvNPWHCqNKu+20tLC4tr6wW1uz1jc2tbWdnt6biVGJSxTGLZSNEijAqSFVTzUgjkQTxkJF62Lse+fVHIhWNxb0eJCTgqCNoRDHSRmo5l7cPfjvuCyRl3Ic+Vz2awOMznkJfU07UtGTD6XDLKboldww4T7ycFEGOSsv5NMM45URozJBSTc9NdJAhqSlmZGj7qSIJwj3UIU1DBTLrg2x84hAeGqUNo1iaJzQcq9MTGeJKDXhokhzprpr1RuJ/XjPV0UWQUZGkmgg8WRSlDOoYjvqCbSoJ1mxgCMKSmr9C3EUSYW1atU0J3uzJ86R2UvLcknd3Wixf5XUUwD44AEfAA+egDG5ABVQBBk/gBbyBd+vZerU+rK9JdMHKZ/bAH1g/v17Fo4s=</latexit><latexit sha1_base64="HSEwVACCdizL3fG1pK9SIyW4es0=">AAACInicbVDLSgMxFM34rONr1KWbYBHcWGZEUXdFN66kgn1AZyyZNNOGJpkhyVjK0G9x46+4caGoK8GPMW1nUVsPBA7nnMvNPWHCqNKu+20tLC4tr6wW1uz1jc2tbWdnt6biVGJSxTGLZSNEijAqSFVTzUgjkQTxkJF62Lse+fVHIhWNxb0eJCTgqCNoRDHSRmo5l7cPfjvuCyRl3Ic+Vz2awOMznkJfU07UtGTD6XDLKboldww4T7ycFEGOSsv5NMM45URozJBSTc9NdJAhqSlmZGj7qSIJwj3UIU1DBTLrg2x84hAeGqUNo1iaJzQcq9MTGeJKDXhokhzprpr1RuJ/XjPV0UWQUZGkmgg8WRSlDOoYjvqCbSoJ1mxgCMKSmr9C3EUSYW1atU0J3uzJ86R2UvLcknd3Wixf5XUUwD44AEfAA+egDG5ABVQBBk/gBbyBd+vZerU+rK9JdMHKZ/bAH1g/v17Fo4s=</latexit><latexit sha1_base64="HSEwVACCdizL3fG1pK9SIyW4es0=">AAACInicbVDLSgMxFM34rONr1KWbYBHcWGZEUXdFN66kgn1AZyyZNNOGJpkhyVjK0G9x46+4caGoK8GPMW1nUVsPBA7nnMvNPWHCqNKu+20tLC4tr6wW1uz1jc2tbWdnt6biVGJSxTGLZSNEijAqSFVTzUgjkQTxkJF62Lse+fVHIhWNxb0eJCTgqCNoRDHSRmo5l7cPfjvuCyRl3Ic+Vz2awOMznkJfU07UtGTD6XDLKboldww4T7ycFEGOSsv5NMM45URozJBSTc9NdJAhqSlmZGj7qSIJwj3UIU1DBTLrg2x84hAeGqUNo1iaJzQcq9MTGeJKDXhokhzprpr1RuJ/XjPV0UWQUZGkmgg8WRSlDOoYjvqCbSoJ1mxgCMKSmr9C3EUSYW1atU0J3uzJ86R2UvLcknd3Wixf5XUUwD44AEfAA+egDG5ABVQBBk/gBbyBd+vZerU+rK9JdMHKZ/bAH1g/v17Fo4s=</latexit><latexit sha1_base64="HSEwVACCdizL3fG1pK9SIyW4es0=">AAACInicbVDLSgMxFM34rONr1KWbYBHcWGZEUXdFN66kgn1AZyyZNNOGJpkhyVjK0G9x46+4caGoK8GPMW1nUVsPBA7nnMvNPWHCqNKu+20tLC4tr6wW1uz1jc2tbWdnt6biVGJSxTGLZSNEijAqSFVTzUgjkQTxkJF62Lse+fVHIhWNxb0eJCTgqCNoRDHSRmo5l7cPfjvuCyRl3Ic+Vz2awOMznkJfU07UtGTD6XDLKboldww4T7ycFEGOSsv5NMM45URozJBSTc9NdJAhqSlmZGj7qSIJwj3UIU1DBTLrg2x84hAeGqUNo1iaJzQcq9MTGeJKDXhokhzprpr1RuJ/XjPV0UWQUZGkmgg8WRSlDOoYjvqCbSoJ1mxgCMKSmr9C3EUSYW1atU0J3uzJ86R2UvLcknd3Wixf5XUUwD44AEfAA+egDG5ABVQBBk/gBbyBd+vZerU+rK9JdMHKZ/bAH1g/v17Fo4s=</latexit>

N#
<latexit sha1_base64="j7wkYyHRXFecJVJPZ3JfXmTDEOc=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl040oq2Ae0Y8mkmTY0jyHJWMrQ33DjQhG3/ow7/8a0nYW2HggczrmHe3OihDNjff/bW1ldW9/YLGwVt3d29/ZLB4cNo1JNaJ0ornQrwoZyJmndMstpK9EUi4jTZjS8mfrNJ6oNU/LBjhMaCtyXLGYEWyd17h47PTWSWGs16pbKfsWfAS2TICdlyFHrlr5cmKSCSks4NqYd+IkNM6wtI5xOip3U0ASTIe7TtqMSC2rCbHbzBJ06pYdipd2TFs3U34kMC2PGInKTAtuBWfSm4n9eO7XxVZgxmaSWSjJfFKccWYWmBaAe05RYPnYEE83crYgMsMbEupqKroRg8cvLpHFeCfxKcH9Rrl7ndRTgGE7gDAK4hCrcQg3qQCCBZ3iFNy/1Xrx372M+uuLlmSP4A+/zB1TOkd0=</latexit><latexit sha1_base64="j7wkYyHRXFecJVJPZ3JfXmTDEOc=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl040oq2Ae0Y8mkmTY0jyHJWMrQ33DjQhG3/ow7/8a0nYW2HggczrmHe3OihDNjff/bW1ldW9/YLGwVt3d29/ZLB4cNo1JNaJ0ornQrwoZyJmndMstpK9EUi4jTZjS8mfrNJ6oNU/LBjhMaCtyXLGYEWyd17h47PTWSWGs16pbKfsWfAS2TICdlyFHrlr5cmKSCSks4NqYd+IkNM6wtI5xOip3U0ASTIe7TtqMSC2rCbHbzBJ06pYdipd2TFs3U34kMC2PGInKTAtuBWfSm4n9eO7XxVZgxmaSWSjJfFKccWYWmBaAe05RYPnYEE83crYgMsMbEupqKroRg8cvLpHFeCfxKcH9Rrl7ndRTgGE7gDAK4hCrcQg3qQCCBZ3iFNy/1Xrx372M+uuLlmSP4A+/zB1TOkd0=</latexit><latexit sha1_base64="j7wkYyHRXFecJVJPZ3JfXmTDEOc=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl040oq2Ae0Y8mkmTY0jyHJWMrQ33DjQhG3/ow7/8a0nYW2HggczrmHe3OihDNjff/bW1ldW9/YLGwVt3d29/ZLB4cNo1JNaJ0ornQrwoZyJmndMstpK9EUi4jTZjS8mfrNJ6oNU/LBjhMaCtyXLGYEWyd17h47PTWSWGs16pbKfsWfAS2TICdlyFHrlr5cmKSCSks4NqYd+IkNM6wtI5xOip3U0ASTIe7TtqMSC2rCbHbzBJ06pYdipd2TFs3U34kMC2PGInKTAtuBWfSm4n9eO7XxVZgxmaSWSjJfFKccWYWmBaAe05RYPnYEE83crYgMsMbEupqKroRg8cvLpHFeCfxKcH9Rrl7ndRTgGE7gDAK4hCrcQg3qQCCBZ3iFNy/1Xrx372M+uuLlmSP4A+/zB1TOkd0=</latexit><latexit sha1_base64="j7wkYyHRXFecJVJPZ3JfXmTDEOc=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl040oq2Ae0Y8mkmTY0jyHJWMrQ33DjQhG3/ow7/8a0nYW2HggczrmHe3OihDNjff/bW1ldW9/YLGwVt3d29/ZLB4cNo1JNaJ0ornQrwoZyJmndMstpK9EUi4jTZjS8mfrNJ6oNU/LBjhMaCtyXLGYEWyd17h47PTWSWGs16pbKfsWfAS2TICdlyFHrlr5cmKSCSks4NqYd+IkNM6wtI5xOip3U0ASTIe7TtqMSC2rCbHbzBJ06pYdipd2TFs3U34kMC2PGInKTAtuBWfSm4n9eO7XxVZgxmaSWSjJfFKccWYWmBaAe05RYPnYEE83crYgMsMbEupqKroRg8cvLpHFeCfxKcH9Rrl7ndRTgGE7gDAK4hCrcQg3qQCCBZ3iFNy/1Xrx372M+uuLlmSP4A+/zB1TOkd0=</latexit>

N"
<latexit sha1_base64="OYl5Vnpvesvv23YDYpko5Ex6YHM=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJ4Krsi6LHoxZNUsB/YriWbZtvQbBKSrFKW/gsvHhTx6r/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tLyyuraemGjuLm1vbNb2ttvGJlqQutEcqlbETaUM0HrlllOW0pTnEScNqPh1cRvPlJtmBR3dqRomOC+YDEj2Drp/uahkyqstXzqlsp+xZ8CLZIgJ2XIUeuWvjo9SdKECks4NqYd+MqGGdaWEU7HxU5qqMJkiPu07ajACTVhNr14jI6d0kOx1K6ERVP190SGE2NGSeQ6E2wHZt6biP957dTGF2HGhEotFWS2KE45shJN3kc9pimxfOQIJpq5WxEZYI2JdSEVXQjB/MuLpHFaCfxKcHtWrl7mcRTgEI7gBAI4hypcQw3qQEDAM7zCm2e8F+/d+5i1Lnn5zAH8gff5A8K7kPY=</latexit><latexit sha1_base64="OYl5Vnpvesvv23YDYpko5Ex6YHM=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJ4Krsi6LHoxZNUsB/YriWbZtvQbBKSrFKW/gsvHhTx6r/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tLyyuraemGjuLm1vbNb2ttvGJlqQutEcqlbETaUM0HrlllOW0pTnEScNqPh1cRvPlJtmBR3dqRomOC+YDEj2Drp/uahkyqstXzqlsp+xZ8CLZIgJ2XIUeuWvjo9SdKECks4NqYd+MqGGdaWEU7HxU5qqMJkiPu07ajACTVhNr14jI6d0kOx1K6ERVP190SGE2NGSeQ6E2wHZt6biP957dTGF2HGhEotFWS2KE45shJN3kc9pimxfOQIJpq5WxEZYI2JdSEVXQjB/MuLpHFaCfxKcHtWrl7mcRTgEI7gBAI4hypcQw3qQEDAM7zCm2e8F+/d+5i1Lnn5zAH8gff5A8K7kPY=</latexit><latexit sha1_base64="OYl5Vnpvesvv23YDYpko5Ex6YHM=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJ4Krsi6LHoxZNUsB/YriWbZtvQbBKSrFKW/gsvHhTx6r/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tLyyuraemGjuLm1vbNb2ttvGJlqQutEcqlbETaUM0HrlllOW0pTnEScNqPh1cRvPlJtmBR3dqRomOC+YDEj2Drp/uahkyqstXzqlsp+xZ8CLZIgJ2XIUeuWvjo9SdKECks4NqYd+MqGGdaWEU7HxU5qqMJkiPu07ajACTVhNr14jI6d0kOx1K6ERVP190SGE2NGSeQ6E2wHZt6biP957dTGF2HGhEotFWS2KE45shJN3kc9pimxfOQIJpq5WxEZYI2JdSEVXQjB/MuLpHFaCfxKcHtWrl7mcRTgEI7gBAI4hypcQw3qQEDAM7zCm2e8F+/d+5i1Lnn5zAH8gff5A8K7kPY=</latexit><latexit sha1_base64="OYl5Vnpvesvv23YDYpko5Ex6YHM=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJ4Krsi6LHoxZNUsB/YriWbZtvQbBKSrFKW/gsvHhTx6r/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tLyyuraemGjuLm1vbNb2ttvGJlqQutEcqlbETaUM0HrlllOW0pTnEScNqPh1cRvPlJtmBR3dqRomOC+YDEj2Drp/uahkyqstXzqlsp+xZ8CLZIgJ2XIUeuWvjo9SdKECks4NqYd+MqGGdaWEU7HxU5qqMJkiPu07ajACTVhNr14jI6d0kOx1K6ERVP190SGE2NGSeQ6E2wHZt6biP957dTGF2HGhEotFWS2KE45shJN3kc9pimxfOQIJpq5WxEZYI2JdSEVXQjB/MuLpHFaCfxKcHtWrl7mcRTgEI7gBAI4hypcQw3qQEDAM7zCm2e8F+/d+5i1Lnn5zAH8gff5A8K7kPY=</latexit>

N
<latexit sha1_base64="FsFohXQjc3OA/BBAi7JXP9TMCN0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fppGM0g==</latexit><latexit sha1_base64="FsFohXQjc3OA/BBAi7JXP9TMCN0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fppGM0g==</latexit><latexit sha1_base64="FsFohXQjc3OA/BBAi7JXP9TMCN0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fppGM0g==</latexit><latexit sha1_base64="FsFohXQjc3OA/BBAi7JXP9TMCN0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fppGM0g==</latexit>

M
<latexit sha1_base64="dUsH+zrMWrX3s/zoldid+dmUmUM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRixehBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBorNe775Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2k0eRxFO4BTOwYMrqMEd1KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AKUNjNE=</latexit><latexit sha1_base64="dUsH+zrMWrX3s/zoldid+dmUmUM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRixehBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBorNe775Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2k0eRxFO4BTOwYMrqMEd1KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AKUNjNE=</latexit><latexit sha1_base64="dUsH+zrMWrX3s/zoldid+dmUmUM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRixehBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBorNe775Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2k0eRxFO4BTOwYMrqMEd1KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AKUNjNE=</latexit><latexit sha1_base64="dUsH+zrMWrX3s/zoldid+dmUmUM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRixehBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBorNe775Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2k0eRxFO4BTOwYMrqMEd1KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AKUNjNE=</latexit>

De
<latexit sha1_base64="pXHLJOAZlefPjr1dji8+pPNpiXE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiHjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSw20f++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4vK/XrPI4inMApnIMHNajDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALSI2g</latexit><latexit sha1_base64="pXHLJOAZlefPjr1dji8+pPNpiXE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiHjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSw20f++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4vK/XrPI4inMApnIMHNajDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALSI2g</latexit><latexit sha1_base64="pXHLJOAZlefPjr1dji8+pPNpiXE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiHjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSw20f++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4vK/XrPI4inMApnIMHNajDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALSI2g</latexit><latexit sha1_base64="pXHLJOAZlefPjr1dji8+pPNpiXE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiHjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSw20f++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4vK/XrPI4inMApnIMHNajDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALSI2g</latexit>

Dn
<latexit sha1_base64="+6wOU8yeAlIq0AIYAEmzc+Hj1y4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiHjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSw21f9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t1fVurXeRxFOIFTOAcPalCHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAY7I2p</latexit><latexit sha1_base64="+6wOU8yeAlIq0AIYAEmzc+Hj1y4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiHjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSw21f9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t1fVurXeRxFOIFTOAcPalCHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAY7I2p</latexit><latexit sha1_base64="+6wOU8yeAlIq0AIYAEmzc+Hj1y4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiHjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSw21f9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t1fVurXeRxFOIFTOAcPalCHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAY7I2p</latexit><latexit sha1_base64="+6wOU8yeAlIq0AIYAEmzc+Hj1y4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiHjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSw21f9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t1fVurXeRxFOIFTOAcPalCHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAY7I2p</latexit>

1⇥1
<latexit sha1_base64="yspvHH6crzgB9OXA2hQPedEX2zg=">AAACC3icbVA9SwNBEJ3zM8avU0ubJUGwMdyKomXQxjKC+YDcEfY2e8mS3btjd08IIb2Nf8XGQhFb/4Cd/8ZNcoVJfDDweG+GmXlhKrg2nvfjrKyurW9sFraK2zu7e/vuwWFDJ5mirE4TkahWSDQTPGZ1w41grVQxIkPBmuHgduI3H5nSPIkfzDBlgSS9mEecEmOljlvCyJd6wFN0dikz5BsumZ6TcMctexVvCrRMcE7KkKPWcb/9bkIzyWJDBdG6jb3UBCOiDKeCjYt+pllK6ID0WNvSmNiVwWj6yxidWKWLokTZig2aqn8nRkRqPZSh7ZTE9PWiNxH/89qZia6DEY/TzLCYzhZFmUAmQZNgUJcrRo0YWkKo4vZWRPtEEWpsfEUbAl58eZk0zivYq+D7i3L1Jo+jAMdQglPAcAVVuIMa1IHCE7zAG7w7z86r8+F8zlpXnHzmCObgfP0CE8uZJw==</latexit><latexit sha1_base64="yspvHH6crzgB9OXA2hQPedEX2zg=">AAACC3icbVA9SwNBEJ3zM8avU0ubJUGwMdyKomXQxjKC+YDcEfY2e8mS3btjd08IIb2Nf8XGQhFb/4Cd/8ZNcoVJfDDweG+GmXlhKrg2nvfjrKyurW9sFraK2zu7e/vuwWFDJ5mirE4TkahWSDQTPGZ1w41grVQxIkPBmuHgduI3H5nSPIkfzDBlgSS9mEecEmOljlvCyJd6wFN0dikz5BsumZ6TcMctexVvCrRMcE7KkKPWcb/9bkIzyWJDBdG6jb3UBCOiDKeCjYt+pllK6ID0WNvSmNiVwWj6yxidWKWLokTZig2aqn8nRkRqPZSh7ZTE9PWiNxH/89qZia6DEY/TzLCYzhZFmUAmQZNgUJcrRo0YWkKo4vZWRPtEEWpsfEUbAl58eZk0zivYq+D7i3L1Jo+jAMdQglPAcAVVuIMa1IHCE7zAG7w7z86r8+F8zlpXnHzmCObgfP0CE8uZJw==</latexit><latexit sha1_base64="yspvHH6crzgB9OXA2hQPedEX2zg=">AAACC3icbVA9SwNBEJ3zM8avU0ubJUGwMdyKomXQxjKC+YDcEfY2e8mS3btjd08IIb2Nf8XGQhFb/4Cd/8ZNcoVJfDDweG+GmXlhKrg2nvfjrKyurW9sFraK2zu7e/vuwWFDJ5mirE4TkahWSDQTPGZ1w41grVQxIkPBmuHgduI3H5nSPIkfzDBlgSS9mEecEmOljlvCyJd6wFN0dikz5BsumZ6TcMctexVvCrRMcE7KkKPWcb/9bkIzyWJDBdG6jb3UBCOiDKeCjYt+pllK6ID0WNvSmNiVwWj6yxidWKWLokTZig2aqn8nRkRqPZSh7ZTE9PWiNxH/89qZia6DEY/TzLCYzhZFmUAmQZNgUJcrRo0YWkKo4vZWRPtEEWpsfEUbAl58eZk0zivYq+D7i3L1Jo+jAMdQglPAcAVVuIMa1IHCE7zAG7w7z86r8+F8zlpXnHzmCObgfP0CE8uZJw==</latexit><latexit sha1_base64="yspvHH6crzgB9OXA2hQPedEX2zg=">AAACC3icbVA9SwNBEJ3zM8avU0ubJUGwMdyKomXQxjKC+YDcEfY2e8mS3btjd08IIb2Nf8XGQhFb/4Cd/8ZNcoVJfDDweG+GmXlhKrg2nvfjrKyurW9sFraK2zu7e/vuwWFDJ5mirE4TkahWSDQTPGZ1w41grVQxIkPBmuHgduI3H5nSPIkfzDBlgSS9mEecEmOljlvCyJd6wFN0dikz5BsumZ6TcMctexVvCrRMcE7KkKPWcb/9bkIzyWJDBdG6jb3UBCOiDKeCjYt+pllK6ID0WNvSmNiVwWj6yxidWKWLokTZig2aqn8nRkRqPZSh7ZTE9PWiNxH/89qZia6DEY/TzLCYzhZFmUAmQZNgUJcrRo0YWkKo4vZWRPtEEWpsfEUbAl58eZk0zivYq+D7i3L1Jo+jAMdQglPAcAVVuIMa1IHCE7zAG7w7z86r8+F8zlpXnHzmCObgfP0CE8uZJw==</latexit>

M⇥Dn
<latexit sha1_base64="0lJoKeT2LoZvSEIvXOGkmrDiWGE=">AAACDXicbVDLSgMxFL3js9ZX1aWbYBXcWGZE0WVRF26ECvYBnaFk0kwbmmSGJCOU0h9w46+4caGIW/fu/BvTdha29UDgcM653NwTJpxp47o/zsLi0vLKam4tv76xubVd2Nmt6ThVhFZJzGPVCLGmnElaNcxw2kgUxSLktB72rkd+/ZEqzWL5YPoJDQTuSBYxgo2VWoXDO+QL3WMJOjkXKfINE1RPSTctGyu6JXcMNE+8jBQhQ6VV+PbbMUkFlYZwrHXTcxMTDLAyjHA6zPuppgkmPdyhTUsltkuDwfiaITqyShtFsbJPGjRW/04MsNC6L0KbFNh09aw3Ev/zmqmJLoMBk0lqqCSTRVHKkYnRqBrUZooSw/uWYKKY/SsiXawwMbbAvC3Bmz15ntROS55b8u7PiuWrrI4c7MMBHIMHF1CGW6hAFQg8wQu8wbvz7Lw6H87nJLrgZDN7MAXn6xf2/5o3</latexit><latexit sha1_base64="0lJoKeT2LoZvSEIvXOGkmrDiWGE=">AAACDXicbVDLSgMxFL3js9ZX1aWbYBXcWGZE0WVRF26ECvYBnaFk0kwbmmSGJCOU0h9w46+4caGIW/fu/BvTdha29UDgcM653NwTJpxp47o/zsLi0vLKam4tv76xubVd2Nmt6ThVhFZJzGPVCLGmnElaNcxw2kgUxSLktB72rkd+/ZEqzWL5YPoJDQTuSBYxgo2VWoXDO+QL3WMJOjkXKfINE1RPSTctGyu6JXcMNE+8jBQhQ6VV+PbbMUkFlYZwrHXTcxMTDLAyjHA6zPuppgkmPdyhTUsltkuDwfiaITqyShtFsbJPGjRW/04MsNC6L0KbFNh09aw3Ev/zmqmJLoMBk0lqqCSTRVHKkYnRqBrUZooSw/uWYKKY/SsiXawwMbbAvC3Bmz15ntROS55b8u7PiuWrrI4c7MMBHIMHF1CGW6hAFQg8wQu8wbvz7Lw6H87nJLrgZDN7MAXn6xf2/5o3</latexit><latexit sha1_base64="0lJoKeT2LoZvSEIvXOGkmrDiWGE=">AAACDXicbVDLSgMxFL3js9ZX1aWbYBXcWGZE0WVRF26ECvYBnaFk0kwbmmSGJCOU0h9w46+4caGIW/fu/BvTdha29UDgcM653NwTJpxp47o/zsLi0vLKam4tv76xubVd2Nmt6ThVhFZJzGPVCLGmnElaNcxw2kgUxSLktB72rkd+/ZEqzWL5YPoJDQTuSBYxgo2VWoXDO+QL3WMJOjkXKfINE1RPSTctGyu6JXcMNE+8jBQhQ6VV+PbbMUkFlYZwrHXTcxMTDLAyjHA6zPuppgkmPdyhTUsltkuDwfiaITqyShtFsbJPGjRW/04MsNC6L0KbFNh09aw3Ev/zmqmJLoMBk0lqqCSTRVHKkYnRqBrUZooSw/uWYKKY/SsiXawwMbbAvC3Bmz15ntROS55b8u7PiuWrrI4c7MMBHIMHF1CGW6hAFQg8wQu8wbvz7Lw6H87nJLrgZDN7MAXn6xf2/5o3</latexit><latexit sha1_base64="0lJoKeT2LoZvSEIvXOGkmrDiWGE=">AAACDXicbVDLSgMxFL3js9ZX1aWbYBXcWGZE0WVRF26ECvYBnaFk0kwbmmSGJCOU0h9w46+4caGIW/fu/BvTdha29UDgcM653NwTJpxp47o/zsLi0vLKam4tv76xubVd2Nmt6ThVhFZJzGPVCLGmnElaNcxw2kgUxSLktB72rkd+/ZEqzWL5YPoJDQTuSBYxgo2VWoXDO+QL3WMJOjkXKfINE1RPSTctGyu6JXcMNE+8jBQhQ6VV+PbbMUkFlYZwrHXTcxMTDLAyjHA6zPuppgkmPdyhTUsltkuDwfiaITqyShtFsbJPGjRW/04MsNC6L0KbFNh09aw3Ev/zmqmJLoMBk0lqqCSTRVHKkYnRqBrUZooSw/uWYKKY/SsiXawwMbbAvC3Bmz15ntROS55b8u7PiuWrrI4c7MMBHIMHF1CGW6hAFQg8wQu8wbvz7Lw6H87nJLrgZDN7MAXn6xf2/5o3</latexit>

N⇥De
<latexit sha1_base64="J8YkL0lO3H81+liaTPmbgzQKb7M=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4sSSi6LGoB09SwX5AE8Jmu2mX7iZhdyKU0j/gxb/ixYMiXr1789+4bXOwrQ8GHu/NMDMvTAXX4Dg/1sLi0vLKamGtuL6xubVt7+zWdZIpymo0EYlqhkQzwWNWAw6CNVPFiAwFa4S965HfeGRK8yR+gH7KfEk6MY84JWCkwD68w57UPZ7ik3OZYQ+4ZHpKuglYYJecsjMGniduTkooRzWwv712QjPJYqCCaN1ynRT8AVHAqWDDopdplhLaIx3WMjQmZqk/GH8zxEdGaeMoUaZiwGP178SASK37MjSdkkBXz3oj8T+vlUF06Q94nGbAYjpZFGUCQ4JH0eA2V4yC6BtCqOLmVky7RBEKJsCiCcGdfXme1E/LrlN2789Klas8jgLaRwfoGLnoAlXQLaqiGqLoCb2gN/RuPVuv1of1OWldsPKZPTQF6+sX6wKaLw==</latexit><latexit sha1_base64="J8YkL0lO3H81+liaTPmbgzQKb7M=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4sSSi6LGoB09SwX5AE8Jmu2mX7iZhdyKU0j/gxb/ixYMiXr1789+4bXOwrQ8GHu/NMDMvTAXX4Dg/1sLi0vLKamGtuL6xubVt7+zWdZIpymo0EYlqhkQzwWNWAw6CNVPFiAwFa4S965HfeGRK8yR+gH7KfEk6MY84JWCkwD68w57UPZ7ik3OZYQ+4ZHpKuglYYJecsjMGniduTkooRzWwv712QjPJYqCCaN1ynRT8AVHAqWDDopdplhLaIx3WMjQmZqk/GH8zxEdGaeMoUaZiwGP178SASK37MjSdkkBXz3oj8T+vlUF06Q94nGbAYjpZFGUCQ4JH0eA2V4yC6BtCqOLmVky7RBEKJsCiCcGdfXme1E/LrlN2789Klas8jgLaRwfoGLnoAlXQLaqiGqLoCb2gN/RuPVuv1of1OWldsPKZPTQF6+sX6wKaLw==</latexit><latexit sha1_base64="J8YkL0lO3H81+liaTPmbgzQKb7M=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4sSSi6LGoB09SwX5AE8Jmu2mX7iZhdyKU0j/gxb/ixYMiXr1789+4bXOwrQ8GHu/NMDMvTAXX4Dg/1sLi0vLKamGtuL6xubVt7+zWdZIpymo0EYlqhkQzwWNWAw6CNVPFiAwFa4S965HfeGRK8yR+gH7KfEk6MY84JWCkwD68w57UPZ7ik3OZYQ+4ZHpKuglYYJecsjMGniduTkooRzWwv712QjPJYqCCaN1ynRT8AVHAqWDDopdplhLaIx3WMjQmZqk/GH8zxEdGaeMoUaZiwGP178SASK37MjSdkkBXz3oj8T+vlUF06Q94nGbAYjpZFGUCQ4JH0eA2V4yC6BtCqOLmVky7RBEKJsCiCcGdfXme1E/LrlN2789Klas8jgLaRwfoGLnoAlXQLaqiGqLoCb2gN/RuPVuv1of1OWldsPKZPTQF6+sX6wKaLw==</latexit><latexit sha1_base64="J8YkL0lO3H81+liaTPmbgzQKb7M=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4sSSi6LGoB09SwX5AE8Jmu2mX7iZhdyKU0j/gxb/ixYMiXr1789+4bXOwrQ8GHu/NMDMvTAXX4Dg/1sLi0vLKamGtuL6xubVt7+zWdZIpymo0EYlqhkQzwWNWAw6CNVPFiAwFa4S965HfeGRK8yR+gH7KfEk6MY84JWCkwD68w57UPZ7ik3OZYQ+4ZHpKuglYYJecsjMGniduTkooRzWwv712QjPJYqCCaN1ynRT8AVHAqWDDopdplhLaIx3WMjQmZqk/GH8zxEdGaeMoUaZiwGP178SASK37MjSdkkBXz3oj8T+vlUF06Q94nGbAYjpZFGUCQ4JH0eA2V4yC6BtCqOLmVky7RBEKJsCiCcGdfXme1E/LrlN2789Klas8jgLaRwfoGLnoAlXQLaqiGqLoCb2gN/RuPVuv1of1OWldsPKZPTQF6+sX6wKaLw==</latexit>

N⇥De
<latexit sha1_base64="J8YkL0lO3H81+liaTPmbgzQKb7M=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4sSSi6LGoB09SwX5AE8Jmu2mX7iZhdyKU0j/gxb/ixYMiXr1789+4bXOwrQ8GHu/NMDMvTAXX4Dg/1sLi0vLKamGtuL6xubVt7+zWdZIpymo0EYlqhkQzwWNWAw6CNVPFiAwFa4S965HfeGRK8yR+gH7KfEk6MY84JWCkwD68w57UPZ7ik3OZYQ+4ZHpKuglYYJecsjMGniduTkooRzWwv712QjPJYqCCaN1ynRT8AVHAqWDDopdplhLaIx3WMjQmZqk/GH8zxEdGaeMoUaZiwGP178SASK37MjSdkkBXz3oj8T+vlUF06Q94nGbAYjpZFGUCQ4JH0eA2V4yC6BtCqOLmVky7RBEKJsCiCcGdfXme1E/LrlN2789Klas8jgLaRwfoGLnoAlXQLaqiGqLoCb2gN/RuPVuv1of1OWldsPKZPTQF6+sX6wKaLw==</latexit><latexit sha1_base64="J8YkL0lO3H81+liaTPmbgzQKb7M=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4sSSi6LGoB09SwX5AE8Jmu2mX7iZhdyKU0j/gxb/ixYMiXr1789+4bXOwrQ8GHu/NMDMvTAXX4Dg/1sLi0vLKamGtuL6xubVt7+zWdZIpymo0EYlqhkQzwWNWAw6CNVPFiAwFa4S965HfeGRK8yR+gH7KfEk6MY84JWCkwD68w57UPZ7ik3OZYQ+4ZHpKuglYYJecsjMGniduTkooRzWwv712QjPJYqCCaN1ynRT8AVHAqWDDopdplhLaIx3WMjQmZqk/GH8zxEdGaeMoUaZiwGP178SASK37MjSdkkBXz3oj8T+vlUF06Q94nGbAYjpZFGUCQ4JH0eA2V4yC6BtCqOLmVky7RBEKJsCiCcGdfXme1E/LrlN2789Klas8jgLaRwfoGLnoAlXQLaqiGqLoCb2gN/RuPVuv1of1OWldsPKZPTQF6+sX6wKaLw==</latexit><latexit sha1_base64="J8YkL0lO3H81+liaTPmbgzQKb7M=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4sSSi6LGoB09SwX5AE8Jmu2mX7iZhdyKU0j/gxb/ixYMiXr1789+4bXOwrQ8GHu/NMDMvTAXX4Dg/1sLi0vLKamGtuL6xubVt7+zWdZIpymo0EYlqhkQzwWNWAw6CNVPFiAwFa4S965HfeGRK8yR+gH7KfEk6MY84JWCkwD68w57UPZ7ik3OZYQ+4ZHpKuglYYJecsjMGniduTkooRzWwv712QjPJYqCCaN1ynRT8AVHAqWDDopdplhLaIx3WMjQmZqk/GH8zxEdGaeMoUaZiwGP178SASK37MjSdkkBXz3oj8T+vlUF06Q94nGbAYjpZFGUCQ4JH0eA2V4yC6BtCqOLmVky7RBEKJsCiCcGdfXme1E/LrlN2789Klas8jgLaRwfoGLnoAlXQLaqiGqLoCb2gN/RuPVuv1of1OWldsPKZPTQF6+sX6wKaLw==</latexit><latexit sha1_base64="J8YkL0lO3H81+liaTPmbgzQKb7M=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4sSSi6LGoB09SwX5AE8Jmu2mX7iZhdyKU0j/gxb/ixYMiXr1789+4bXOwrQ8GHu/NMDMvTAXX4Dg/1sLi0vLKamGtuL6xubVt7+zWdZIpymo0EYlqhkQzwWNWAw6CNVPFiAwFa4S965HfeGRK8yR+gH7KfEk6MY84JWCkwD68w57UPZ7ik3OZYQ+4ZHpKuglYYJecsjMGniduTkooRzWwv712QjPJYqCCaN1ynRT8AVHAqWDDopdplhLaIx3WMjQmZqk/GH8zxEdGaeMoUaZiwGP178SASK37MjSdkkBXz3oj8T+vlUF06Q94nGbAYjpZFGUCQ4JH0eA2V4yC6BtCqOLmVky7RBEKJsCiCcGdfXme1E/LrlN2789Klas8jgLaRwfoGLnoAlXQLaqiGqLoCb2gN/RuPVuv1of1OWldsPKZPTQF6+sX6wKaLw==</latexit>

N⇥De
<latexit sha1_base64="J8YkL0lO3H81+liaTPmbgzQKb7M=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4sSSi6LGoB09SwX5AE8Jmu2mX7iZhdyKU0j/gxb/ixYMiXr1789+4bXOwrQ8GHu/NMDMvTAXX4Dg/1sLi0vLKamGtuL6xubVt7+zWdZIpymo0EYlqhkQzwWNWAw6CNVPFiAwFa4S965HfeGRK8yR+gH7KfEk6MY84JWCkwD68w57UPZ7ik3OZYQ+4ZHpKuglYYJecsjMGniduTkooRzWwv712QjPJYqCCaN1ynRT8AVHAqWDDopdplhLaIx3WMjQmZqk/GH8zxEdGaeMoUaZiwGP178SASK37MjSdkkBXz3oj8T+vlUF06Q94nGbAYjpZFGUCQ4JH0eA2V4yC6BtCqOLmVky7RBEKJsCiCcGdfXme1E/LrlN2789Klas8jgLaRwfoGLnoAlXQLaqiGqLoCb2gN/RuPVuv1of1OWldsPKZPTQF6+sX6wKaLw==</latexit><latexit sha1_base64="J8YkL0lO3H81+liaTPmbgzQKb7M=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4sSSi6LGoB09SwX5AE8Jmu2mX7iZhdyKU0j/gxb/ixYMiXr1789+4bXOwrQ8GHu/NMDMvTAXX4Dg/1sLi0vLKamGtuL6xubVt7+zWdZIpymo0EYlqhkQzwWNWAw6CNVPFiAwFa4S965HfeGRK8yR+gH7KfEk6MY84JWCkwD68w57UPZ7ik3OZYQ+4ZHpKuglYYJecsjMGniduTkooRzWwv712QjPJYqCCaN1ynRT8AVHAqWDDopdplhLaIx3WMjQmZqk/GH8zxEdGaeMoUaZiwGP178SASK37MjSdkkBXz3oj8T+vlUF06Q94nGbAYjpZFGUCQ4JH0eA2V4yC6BtCqOLmVky7RBEKJsCiCcGdfXme1E/LrlN2789Klas8jgLaRwfoGLnoAlXQLaqiGqLoCb2gN/RuPVuv1of1OWldsPKZPTQF6+sX6wKaLw==</latexit><latexit sha1_base64="J8YkL0lO3H81+liaTPmbgzQKb7M=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4sSSi6LGoB09SwX5AE8Jmu2mX7iZhdyKU0j/gxb/ixYMiXr1789+4bXOwrQ8GHu/NMDMvTAXX4Dg/1sLi0vLKamGtuL6xubVt7+zWdZIpymo0EYlqhkQzwWNWAw6CNVPFiAwFa4S965HfeGRK8yR+gH7KfEk6MY84JWCkwD68w57UPZ7ik3OZYQ+4ZHpKuglYYJecsjMGniduTkooRzWwv712QjPJYqCCaN1ynRT8AVHAqWDDopdplhLaIx3WMjQmZqk/GH8zxEdGaeMoUaZiwGP178SASK37MjSdkkBXz3oj8T+vlUF06Q94nGbAYjpZFGUCQ4JH0eA2V4yC6BtCqOLmVky7RBEKJsCiCcGdfXme1E/LrlN2789Klas8jgLaRwfoGLnoAlXQLaqiGqLoCb2gN/RuPVuv1of1OWldsPKZPTQF6+sX6wKaLw==</latexit><latexit sha1_base64="J8YkL0lO3H81+liaTPmbgzQKb7M=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4sSSi6LGoB09SwX5AE8Jmu2mX7iZhdyKU0j/gxb/ixYMiXr1789+4bXOwrQ8GHu/NMDMvTAXX4Dg/1sLi0vLKamGtuL6xubVt7+zWdZIpymo0EYlqhkQzwWNWAw6CNVPFiAwFa4S965HfeGRK8yR+gH7KfEk6MY84JWCkwD68w57UPZ7ik3OZYQ+4ZHpKuglYYJecsjMGniduTkooRzWwv712QjPJYqCCaN1ynRT8AVHAqWDDopdplhLaIx3WMjQmZqk/GH8zxEdGaeMoUaZiwGP178SASK37MjSdkkBXz3oj8T+vlUF06Q94nGbAYjpZFGUCQ4JH0eA2V4yC6BtCqOLmVky7RBEKJsCiCcGdfXme1E/LrlN2789Klas8jgLaRwfoGLnoAlXQLaqiGqLoCb2gN/RuPVuv1of1OWldsPKZPTQF6+sX6wKaLw==</latexit>

N"⇥3
<latexit sha1_base64="5C1fYquAaRNWwvhpvWxHccoQiPQ=">AAACFHicbVDLSgMxFM34rPU16tJNsAiCWGZ8oMuiG1dSwT6gM5ZMmmlDk0xIMkop/Qg3/oobF4q4deHOvzFtZ2FbD1w4nHMv994TSUa18bwfZ25+YXFpObeSX11b39h0t7arOkkVJhWcsETVI6QJo4JUDDWM1KUiiEeM1KLu1dCvPRClaSLuTE+SkKO2oDHFyFip6R7e3AepREoljzDgukslPDrjKQwM5URPSCdNt+AVvRHgLPEzUgAZyk33O2glOOVEGMyQ1g3fkybsI2UoZmSQD1JNJMJd1CYNSwWyK8P+6KkB3LdKC8aJsiUMHKl/J/qIa93jke3kyHT0tDcU//MaqYkvwj4VMjVE4PGiOGXQJHCYEGxRRbBhPUsQVtTeCnEHKYSNzTFvQ/CnX54l1eOi7xX929NC6TKLIwd2wR44AD44ByVwDcqgAjB4Ai/gDbw7z86r8+F8jlvnnGxmB0zA+foF4yGdag==</latexit><latexit sha1_base64="5C1fYquAaRNWwvhpvWxHccoQiPQ=">AAACFHicbVDLSgMxFM34rPU16tJNsAiCWGZ8oMuiG1dSwT6gM5ZMmmlDk0xIMkop/Qg3/oobF4q4deHOvzFtZ2FbD1w4nHMv994TSUa18bwfZ25+YXFpObeSX11b39h0t7arOkkVJhWcsETVI6QJo4JUDDWM1KUiiEeM1KLu1dCvPRClaSLuTE+SkKO2oDHFyFip6R7e3AepREoljzDgukslPDrjKQwM5URPSCdNt+AVvRHgLPEzUgAZyk33O2glOOVEGMyQ1g3fkybsI2UoZmSQD1JNJMJd1CYNSwWyK8P+6KkB3LdKC8aJsiUMHKl/J/qIa93jke3kyHT0tDcU//MaqYkvwj4VMjVE4PGiOGXQJHCYEGxRRbBhPUsQVtTeCnEHKYSNzTFvQ/CnX54l1eOi7xX929NC6TKLIwd2wR44AD44ByVwDcqgAjB4Ai/gDbw7z86r8+F8jlvnnGxmB0zA+foF4yGdag==</latexit><latexit sha1_base64="5C1fYquAaRNWwvhpvWxHccoQiPQ=">AAACFHicbVDLSgMxFM34rPU16tJNsAiCWGZ8oMuiG1dSwT6gM5ZMmmlDk0xIMkop/Qg3/oobF4q4deHOvzFtZ2FbD1w4nHMv994TSUa18bwfZ25+YXFpObeSX11b39h0t7arOkkVJhWcsETVI6QJo4JUDDWM1KUiiEeM1KLu1dCvPRClaSLuTE+SkKO2oDHFyFip6R7e3AepREoljzDgukslPDrjKQwM5URPSCdNt+AVvRHgLPEzUgAZyk33O2glOOVEGMyQ1g3fkybsI2UoZmSQD1JNJMJd1CYNSwWyK8P+6KkB3LdKC8aJsiUMHKl/J/qIa93jke3kyHT0tDcU//MaqYkvwj4VMjVE4PGiOGXQJHCYEGxRRbBhPUsQVtTeCnEHKYSNzTFvQ/CnX54l1eOi7xX929NC6TKLIwd2wR44AD44ByVwDcqgAjB4Ai/gDbw7z86r8+F8jlvnnGxmB0zA+foF4yGdag==</latexit><latexit sha1_base64="5C1fYquAaRNWwvhpvWxHccoQiPQ=">AAACFHicbVDLSgMxFM34rPU16tJNsAiCWGZ8oMuiG1dSwT6gM5ZMmmlDk0xIMkop/Qg3/oobF4q4deHOvzFtZ2FbD1w4nHMv994TSUa18bwfZ25+YXFpObeSX11b39h0t7arOkkVJhWcsETVI6QJo4JUDDWM1KUiiEeM1KLu1dCvPRClaSLuTE+SkKO2oDHFyFip6R7e3AepREoljzDgukslPDrjKQwM5URPSCdNt+AVvRHgLPEzUgAZyk33O2glOOVEGMyQ1g3fkybsI2UoZmSQD1JNJMJd1CYNSwWyK8P+6KkB3LdKC8aJsiUMHKl/J/qIa93jke3kyHT0tDcU//MaqYkvwj4VMjVE4PGiOGXQJHCYEGxRRbBhPUsQVtTeCnEHKYSNzTFvQ/CnX54l1eOi7xX929NC6TKLIwd2wR44AD44ByVwDcqgAjB4Ai/gDbw7z86r8+F8jlvnnGxmB0zA+foF4yGdag==</latexit>

N#⇥3
<latexit sha1_base64="KtK6fZWrXEEMop9cMSgG+vvUivc=">AAACFnicbVDLSgMxFM3UV62vUZdugkVw0zLjA10W3biSCvYBnbFk0kwbmmSGJGMpQ7/Cjb/ixoUibsWdf2PazsK2HggczrmP3BPEjCrtOD9Wbml5ZXUtv17Y2Nza3rF39+oqSiQmNRyxSDYDpAijgtQ01Yw0Y0kQDxhpBP3rsd94JFLRSNzrYUx8jrqChhQjbaS2Xbp98DrRQCApowH0uOrTGJbOeQI9TTlRM9Jp2y46ZWcCuEjcjBRBhmrb/jbTccKJ0JghpVquE2s/RVJTzMio4CWKxAj3UZe0DBXIrPTTyVkjeGSUDgwjaZ7QcKL+7UgRV2rIA1PJke6peW8s/ue1Eh1e+ikVcaKJwNNFYcKgjuA4I9ihkmDNhoYgLKn5K8Q9JBHWJsmCCcGdP3mR1E/KrlN2786Klassjjw4AIfgGLjgAlTADaiCGsDgCbyAN/BuPVuv1of1OS3NWVnPPpiB9fULkSmeUQ==</latexit><latexit sha1_base64="KtK6fZWrXEEMop9cMSgG+vvUivc=">AAACFnicbVDLSgMxFM3UV62vUZdugkVw0zLjA10W3biSCvYBnbFk0kwbmmSGJGMpQ7/Cjb/ixoUibsWdf2PazsK2HggczrmP3BPEjCrtOD9Wbml5ZXUtv17Y2Nza3rF39+oqSiQmNRyxSDYDpAijgtQ01Yw0Y0kQDxhpBP3rsd94JFLRSNzrYUx8jrqChhQjbaS2Xbp98DrRQCApowH0uOrTGJbOeQI9TTlRM9Jp2y46ZWcCuEjcjBRBhmrb/jbTccKJ0JghpVquE2s/RVJTzMio4CWKxAj3UZe0DBXIrPTTyVkjeGSUDgwjaZ7QcKL+7UgRV2rIA1PJke6peW8s/ue1Eh1e+ikVcaKJwNNFYcKgjuA4I9ihkmDNhoYgLKn5K8Q9JBHWJsmCCcGdP3mR1E/KrlN2786Klassjjw4AIfgGLjgAlTADaiCGsDgCbyAN/BuPVuv1of1OS3NWVnPPpiB9fULkSmeUQ==</latexit><latexit sha1_base64="KtK6fZWrXEEMop9cMSgG+vvUivc=">AAACFnicbVDLSgMxFM3UV62vUZdugkVw0zLjA10W3biSCvYBnbFk0kwbmmSGJGMpQ7/Cjb/ixoUibsWdf2PazsK2HggczrmP3BPEjCrtOD9Wbml5ZXUtv17Y2Nza3rF39+oqSiQmNRyxSDYDpAijgtQ01Yw0Y0kQDxhpBP3rsd94JFLRSNzrYUx8jrqChhQjbaS2Xbp98DrRQCApowH0uOrTGJbOeQI9TTlRM9Jp2y46ZWcCuEjcjBRBhmrb/jbTccKJ0JghpVquE2s/RVJTzMio4CWKxAj3UZe0DBXIrPTTyVkjeGSUDgwjaZ7QcKL+7UgRV2rIA1PJke6peW8s/ue1Eh1e+ikVcaKJwNNFYcKgjuA4I9ihkmDNhoYgLKn5K8Q9JBHWJsmCCcGdP3mR1E/KrlN2786Klassjjw4AIfgGLjgAlTADaiCGsDgCbyAN/BuPVuv1of1OS3NWVnPPpiB9fULkSmeUQ==</latexit><latexit sha1_base64="KtK6fZWrXEEMop9cMSgG+vvUivc=">AAACFnicbVDLSgMxFM3UV62vUZdugkVw0zLjA10W3biSCvYBnbFk0kwbmmSGJGMpQ7/Cjb/ixoUibsWdf2PazsK2HggczrmP3BPEjCrtOD9Wbml5ZXUtv17Y2Nza3rF39+oqSiQmNRyxSDYDpAijgtQ01Yw0Y0kQDxhpBP3rsd94JFLRSNzrYUx8jrqChhQjbaS2Xbp98DrRQCApowH0uOrTGJbOeQI9TTlRM9Jp2y46ZWcCuEjcjBRBhmrb/jbTccKJ0JghpVquE2s/RVJTzMio4CWKxAj3UZe0DBXIrPTTyVkjeGSUDgwjaZ7QcKL+7UgRV2rIA1PJke6peW8s/ue1Eh1e+ikVcaKJwNNFYcKgjuA4I9ihkmDNhoYgLKn5K8Q9JBHWJsmCCcGdP3mR1E/KrlN2786Klassjjw4AIfgGLjgAlTADaiCGsDgCbyAN/BuPVuv1of1OS3NWVnPPpiB9fULkSmeUQ==</latexit>

N"⇥3
<latexit sha1_base64="5C1fYquAaRNWwvhpvWxHccoQiPQ=">AAACFHicbVDLSgMxFM34rPU16tJNsAiCWGZ8oMuiG1dSwT6gM5ZMmmlDk0xIMkop/Qg3/oobF4q4deHOvzFtZ2FbD1w4nHMv994TSUa18bwfZ25+YXFpObeSX11b39h0t7arOkkVJhWcsETVI6QJo4JUDDWM1KUiiEeM1KLu1dCvPRClaSLuTE+SkKO2oDHFyFip6R7e3AepREoljzDgukslPDrjKQwM5URPSCdNt+AVvRHgLPEzUgAZyk33O2glOOVEGMyQ1g3fkybsI2UoZmSQD1JNJMJd1CYNSwWyK8P+6KkB3LdKC8aJsiUMHKl/J/qIa93jke3kyHT0tDcU//MaqYkvwj4VMjVE4PGiOGXQJHCYEGxRRbBhPUsQVtTeCnEHKYSNzTFvQ/CnX54l1eOi7xX929NC6TKLIwd2wR44AD44ByVwDcqgAjB4Ai/gDbw7z86r8+F8jlvnnGxmB0zA+foF4yGdag==</latexit><latexit sha1_base64="5C1fYquAaRNWwvhpvWxHccoQiPQ=">AAACFHicbVDLSgMxFM34rPU16tJNsAiCWGZ8oMuiG1dSwT6gM5ZMmmlDk0xIMkop/Qg3/oobF4q4deHOvzFtZ2FbD1w4nHMv994TSUa18bwfZ25+YXFpObeSX11b39h0t7arOkkVJhWcsETVI6QJo4JUDDWM1KUiiEeM1KLu1dCvPRClaSLuTE+SkKO2oDHFyFip6R7e3AepREoljzDgukslPDrjKQwM5URPSCdNt+AVvRHgLPEzUgAZyk33O2glOOVEGMyQ1g3fkybsI2UoZmSQD1JNJMJd1CYNSwWyK8P+6KkB3LdKC8aJsiUMHKl/J/qIa93jke3kyHT0tDcU//MaqYkvwj4VMjVE4PGiOGXQJHCYEGxRRbBhPUsQVtTeCnEHKYSNzTFvQ/CnX54l1eOi7xX929NC6TKLIwd2wR44AD44ByVwDcqgAjB4Ai/gDbw7z86r8+F8jlvnnGxmB0zA+foF4yGdag==</latexit><latexit sha1_base64="5C1fYquAaRNWwvhpvWxHccoQiPQ=">AAACFHicbVDLSgMxFM34rPU16tJNsAiCWGZ8oMuiG1dSwT6gM5ZMmmlDk0xIMkop/Qg3/oobF4q4deHOvzFtZ2FbD1w4nHMv994TSUa18bwfZ25+YXFpObeSX11b39h0t7arOkkVJhWcsETVI6QJo4JUDDWM1KUiiEeM1KLu1dCvPRClaSLuTE+SkKO2oDHFyFip6R7e3AepREoljzDgukslPDrjKQwM5URPSCdNt+AVvRHgLPEzUgAZyk33O2glOOVEGMyQ1g3fkybsI2UoZmSQD1JNJMJd1CYNSwWyK8P+6KkB3LdKC8aJsiUMHKl/J/qIa93jke3kyHT0tDcU//MaqYkvwj4VMjVE4PGiOGXQJHCYEGxRRbBhPUsQVtTeCnEHKYSNzTFvQ/CnX54l1eOi7xX929NC6TKLIwd2wR44AD44ByVwDcqgAjB4Ai/gDbw7z86r8+F8jlvnnGxmB0zA+foF4yGdag==</latexit><latexit sha1_base64="5C1fYquAaRNWwvhpvWxHccoQiPQ=">AAACFHicbVDLSgMxFM34rPU16tJNsAiCWGZ8oMuiG1dSwT6gM5ZMmmlDk0xIMkop/Qg3/oobF4q4deHOvzFtZ2FbD1w4nHMv994TSUa18bwfZ25+YXFpObeSX11b39h0t7arOkkVJhWcsETVI6QJo4JUDDWM1KUiiEeM1KLu1dCvPRClaSLuTE+SkKO2oDHFyFip6R7e3AepREoljzDgukslPDrjKQwM5URPSCdNt+AVvRHgLPEzUgAZyk33O2glOOVEGMyQ1g3fkybsI2UoZmSQD1JNJMJd1CYNSwWyK8P+6KkB3LdKC8aJsiUMHKl/J/qIa93jke3kyHT0tDcU//MaqYkvwj4VMjVE4PGiOGXQJHCYEGxRRbBhPUsQVtTeCnEHKYSNzTFvQ/CnX54l1eOi7xX929NC6TKLIwd2wR44AD44ByVwDcqgAjB4Ai/gDbw7z86r8+F8jlvnnGxmB0zA+foF4yGdag==</latexit>

N#⇥3
<latexit sha1_base64="KtK6fZWrXEEMop9cMSgG+vvUivc=">AAACFnicbVDLSgMxFM3UV62vUZdugkVw0zLjA10W3biSCvYBnbFk0kwbmmSGJGMpQ7/Cjb/ixoUibsWdf2PazsK2HggczrmP3BPEjCrtOD9Wbml5ZXUtv17Y2Nza3rF39+oqSiQmNRyxSDYDpAijgtQ01Yw0Y0kQDxhpBP3rsd94JFLRSNzrYUx8jrqChhQjbaS2Xbp98DrRQCApowH0uOrTGJbOeQI9TTlRM9Jp2y46ZWcCuEjcjBRBhmrb/jbTccKJ0JghpVquE2s/RVJTzMio4CWKxAj3UZe0DBXIrPTTyVkjeGSUDgwjaZ7QcKL+7UgRV2rIA1PJke6peW8s/ue1Eh1e+ikVcaKJwNNFYcKgjuA4I9ihkmDNhoYgLKn5K8Q9JBHWJsmCCcGdP3mR1E/KrlN2786Klassjjw4AIfgGLjgAlTADaiCGsDgCbyAN/BuPVuv1of1OS3NWVnPPpiB9fULkSmeUQ==</latexit><latexit sha1_base64="KtK6fZWrXEEMop9cMSgG+vvUivc=">AAACFnicbVDLSgMxFM3UV62vUZdugkVw0zLjA10W3biSCvYBnbFk0kwbmmSGJGMpQ7/Cjb/ixoUibsWdf2PazsK2HggczrmP3BPEjCrtOD9Wbml5ZXUtv17Y2Nza3rF39+oqSiQmNRyxSDYDpAijgtQ01Yw0Y0kQDxhpBP3rsd94JFLRSNzrYUx8jrqChhQjbaS2Xbp98DrRQCApowH0uOrTGJbOeQI9TTlRM9Jp2y46ZWcCuEjcjBRBhmrb/jbTccKJ0JghpVquE2s/RVJTzMio4CWKxAj3UZe0DBXIrPTTyVkjeGSUDgwjaZ7QcKL+7UgRV2rIA1PJke6peW8s/ue1Eh1e+ikVcaKJwNNFYcKgjuA4I9ihkmDNhoYgLKn5K8Q9JBHWJsmCCcGdP3mR1E/KrlN2786Klassjjw4AIfgGLjgAlTADaiCGsDgCbyAN/BuPVuv1of1OS3NWVnPPpiB9fULkSmeUQ==</latexit><latexit sha1_base64="KtK6fZWrXEEMop9cMSgG+vvUivc=">AAACFnicbVDLSgMxFM3UV62vUZdugkVw0zLjA10W3biSCvYBnbFk0kwbmmSGJGMpQ7/Cjb/ixoUibsWdf2PazsK2HggczrmP3BPEjCrtOD9Wbml5ZXUtv17Y2Nza3rF39+oqSiQmNRyxSDYDpAijgtQ01Yw0Y0kQDxhpBP3rsd94JFLRSNzrYUx8jrqChhQjbaS2Xbp98DrRQCApowH0uOrTGJbOeQI9TTlRM9Jp2y46ZWcCuEjcjBRBhmrb/jbTccKJ0JghpVquE2s/RVJTzMio4CWKxAj3UZe0DBXIrPTTyVkjeGSUDgwjaZ7QcKL+7UgRV2rIA1PJke6peW8s/ue1Eh1e+ikVcaKJwNNFYcKgjuA4I9ihkmDNhoYgLKn5K8Q9JBHWJsmCCcGdP3mR1E/KrlN2786Klassjjw4AIfgGLjgAlTADaiCGsDgCbyAN/BuPVuv1of1OS3NWVnPPpiB9fULkSmeUQ==</latexit><latexit sha1_base64="KtK6fZWrXEEMop9cMSgG+vvUivc=">AAACFnicbVDLSgMxFM3UV62vUZdugkVw0zLjA10W3biSCvYBnbFk0kwbmmSGJGMpQ7/Cjb/ixoUibsWdf2PazsK2HggczrmP3BPEjCrtOD9Wbml5ZXUtv17Y2Nza3rF39+oqSiQmNRyxSDYDpAijgtQ01Yw0Y0kQDxhpBP3rsd94JFLRSNzrYUx8jrqChhQjbaS2Xbp98DrRQCApowH0uOrTGJbOeQI9TTlRM9Jp2y46ZWcCuEjcjBRBhmrb/jbTccKJ0JghpVquE2s/RVJTzMio4CWKxAj3UZe0DBXIrPTTyVkjeGSUDgwjaZ7QcKL+7UgRV2rIA1PJke6peW8s/ue1Eh1e+ikVcaKJwNNFYcKgjuA4I9ihkmDNhoYgLKn5K8Q9JBHWJsmCCcGdP3mR1E/KrlN2786Klassjjw4AIfgGLjgAlTADaiCGsDgCbyAN/BuPVuv1of1OS3NWVnPPpiB9fULkSmeUQ==</latexit>

M⇥3
<latexit sha1_base64="5EJPnrz5oHBiCnncBVf6NakeDyk=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHcWBIf6LLoxo1QwT6gCWUynbRDZ5IwcyOU0L0bf8WNC0Xc+gPu/BunbRa29cCFwzn3cu89QSK4Bsf5sZaWV1bX1gsbxc2t7Z1de2+/oeNUUVansYhVKyCaCR6xOnAQrJUoRmQgWDMY3Iz95iNTmsfRAwwT5kvSi3jIKQEjdezSHfakHvAEn1zIFHvAJdMz0lnHLjsVZwK8SNyclFGOWsf+9roxTSWLgAqiddt1EvAzooBTwUZFL9UsIXRAeqxtaETMSj+b/DLCR0bp4jBWpiLAE/XvREak1kMZmE5JoK/nvbH4n9dOIbzyMx4lKbCITheFqcAQ43EwuMsVoyCGhhCquLkV0z5RhIKJr2hCcOdfXiSN04rrVNz783L1Oo+jgA5RCR0jF12iKrpFNVRHFD2hF/SG3q1n69X6sD6nrUtWPnOAZmB9/QJE35lF</latexit><latexit sha1_base64="5EJPnrz5oHBiCnncBVf6NakeDyk=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHcWBIf6LLoxo1QwT6gCWUynbRDZ5IwcyOU0L0bf8WNC0Xc+gPu/BunbRa29cCFwzn3cu89QSK4Bsf5sZaWV1bX1gsbxc2t7Z1de2+/oeNUUVansYhVKyCaCR6xOnAQrJUoRmQgWDMY3Iz95iNTmsfRAwwT5kvSi3jIKQEjdezSHfakHvAEn1zIFHvAJdMz0lnHLjsVZwK8SNyclFGOWsf+9roxTSWLgAqiddt1EvAzooBTwUZFL9UsIXRAeqxtaETMSj+b/DLCR0bp4jBWpiLAE/XvREak1kMZmE5JoK/nvbH4n9dOIbzyMx4lKbCITheFqcAQ43EwuMsVoyCGhhCquLkV0z5RhIKJr2hCcOdfXiSN04rrVNz783L1Oo+jgA5RCR0jF12iKrpFNVRHFD2hF/SG3q1n69X6sD6nrUtWPnOAZmB9/QJE35lF</latexit><latexit sha1_base64="5EJPnrz5oHBiCnncBVf6NakeDyk=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHcWBIf6LLoxo1QwT6gCWUynbRDZ5IwcyOU0L0bf8WNC0Xc+gPu/BunbRa29cCFwzn3cu89QSK4Bsf5sZaWV1bX1gsbxc2t7Z1de2+/oeNUUVansYhVKyCaCR6xOnAQrJUoRmQgWDMY3Iz95iNTmsfRAwwT5kvSi3jIKQEjdezSHfakHvAEn1zIFHvAJdMz0lnHLjsVZwK8SNyclFGOWsf+9roxTSWLgAqiddt1EvAzooBTwUZFL9UsIXRAeqxtaETMSj+b/DLCR0bp4jBWpiLAE/XvREak1kMZmE5JoK/nvbH4n9dOIbzyMx4lKbCITheFqcAQ43EwuMsVoyCGhhCquLkV0z5RhIKJr2hCcOdfXiSN04rrVNz783L1Oo+jgA5RCR0jF12iKrpFNVRHFD2hF/SG3q1n69X6sD6nrUtWPnOAZmB9/QJE35lF</latexit><latexit sha1_base64="5EJPnrz5oHBiCnncBVf6NakeDyk=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHcWBIf6LLoxo1QwT6gCWUynbRDZ5IwcyOU0L0bf8WNC0Xc+gPu/BunbRa29cCFwzn3cu89QSK4Bsf5sZaWV1bX1gsbxc2t7Z1de2+/oeNUUVansYhVKyCaCR6xOnAQrJUoRmQgWDMY3Iz95iNTmsfRAwwT5kvSi3jIKQEjdezSHfakHvAEn1zIFHvAJdMz0lnHLjsVZwK8SNyclFGOWsf+9roxTSWLgAqiddt1EvAzooBTwUZFL9UsIXRAeqxtaETMSj+b/DLCR0bp4jBWpiLAE/XvREak1kMZmE5JoK/nvbH4n9dOIbzyMx4lKbCITheFqcAQ43EwuMsVoyCGhhCquLkV0z5RhIKJr2hCcOdfXiSN04rrVNz783L1Oo+jgA5RCR0jF12iKrpFNVRHFD2hF/SG3q1n69X6sD6nrUtWPnOAZmB9/QJE35lF</latexit>

1⇥1
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J. Hermann, Z. Schätzle and F. Noé, Nat. Chem. (2020)



PauliNet
Comparison

• Automerization of cyclobutadiene


• Challenging multi-reference system


• Failure case for CCSD(T)


• PauliNet is much faster to converge


• FermiNet is much more accurate in total 
energy 

• Both methods are comparable in relative 
energy

Adapted from J. S. Spencer, D. Pfau, A. Botev and W.M.C. Foulkes, arXiv (2020)



Hybrid Architecture
Combine FermiNet and PauliNet

• Split two-electron stream into spin parallel and antiparallel streams


• Integrate information into one-electron stream similar to SchNet (and PauliNet)


• Tune optimization and initialization
L. Gerard, M. Scherbela, P. Marquetand and P. Grohs, arXiv (2022)



Hybrid Architecture

• Result: cut number of iterations and batch size both in half, >4x speedup 
(and lower energy too!)

L. Gerard, M. Scherbela, P. Marquetand and P. Grohs, arXiv (2022)



Extensions & Improvements
Dense Determinants

W. M. C. Foulkes, D. Pfau and J. S. Spencer, GitHub (2020)
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Extensions & Improvements
Dense Determinants

W. M. C. Foulkes, D. Pfau and J. S. Spencer, GitHub (2020)
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Extensions & Improvements
Dense Determinants

J. Lin, G. Goldshlager and L. Lin, arXiv (2021)

L. Gerard, M. Scherbela, P. Marquetand and P. Grohs, arXiv (2022)

W. Ren, W. Fu and J. Chen, arXiv (2022)

Dense Determinants

Block-Diagonal Determinants



Extensions & Improvements
Diffusion Monte Carlo

W. Ren, W. Fu and J. Chen, arXiv (2022)

M. Wilson, N. Gao, F. Wudarski, E. Rieffel and N. M. Tubman, arXiv (2021)



Extensions & Improvements
Diffusion Monte Carlo

• Can generate a large improvement over VMC…if VMC is significantly handicapped


• Surprisingly little advantage over well-trained FermiNet with VMC

W. Ren, W. Fu and J. Chen, arXiv (2022)

M. Wilson, N. Gao, F. Wudarski, E. Rieffel and N. M. Tubman, arXiv (2021)



Extensions & Improvements
Weight Sharing: DeepErwin

• Extends PauliNet to allow sharing weights between different systems


• Significantly cuts down on the cost of training a new system from scratch
M. Scherbela, R. Reisenhofer, L. Gerard, P. Marquetand and P. Grohs, Nat. Comp. Sci. (2022)



Extensions & Improvements
Weight Sharing: PESNet

• Goes further than DeepErwin: one neural network that models all geometries


• Network is a combination of a FermiNet plus a graph neural network which 
maps atomic geometries to biases for the FermiNet

N. Gao and S. Günnemann, ICLR (2022)



Extensions & Improvements
Weight Sharing: PESNet

• Goes further than DeepErwin: one neural network that models all geometries


• Network is a combination of a FermiNet plus a graph neural network which 
maps atomic geometries to biases for the FermiNet

N. Gao and S. Günnemann, ICLR (2022)



Extensions & Improvements
Excited States

• Critical for understanding photoexcitation (fluorescence, phosphorescence), conformational 
changes from light (retinal), band gaps in materials (semiconductors)


• Best method for targeting excited states with VMC is an open problem (not just for neural networks!)

Image Credit: Jasco Inc. Image Credit: Chii-Shen Yang Image Credit: Wikipedia



Extensions & Improvements
Excited States

• No longer just targeting lowest energy state. Need to target multiple states and guarantee they are orthogonal!


• Basically two strategies:


• Design Ansätze to be orthogonal - not an option for neural networks!


• Add a penalty forcing states to be orthogonal - can lead to biased gradients, need to choose penalty strength

<latexit sha1_base64="1H/QJUxyINUcqwq84KDXMEb9Ns4="></latexit>
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Extensions & Improvements
Excited States

• No longer just targeting lowest energy state. Need to target multiple states and guarantee they are orthogonal!


• Basically two strategies:


• Design Ansätze to be orthogonal - not an option for neural networks!


• Add a penalty forcing states to be orthogonal - can lead to biased gradients, need to choose penalty strength
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Extensions & Improvements
Excited States

M. Entwistle, Z Schätzle, P. A. Erdman, J. Hermann and F. Noé, arXiv (2022)
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Extensions & Improvements
Excited States

• Penalty strongly forces states apart…but estimator is biased


• Works well for small systems
M. Entwistle, Z Schätzle, P. A. Erdman, J. Hermann and F. Noé, arXiv (2022)
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Extensions & Improvements
Excited States

• Penalty strongly forces states apart…but estimator is biased


• Works well for small systems
M. Entwistle, Z Schätzle, P. A. Erdman, J. Hermann and F. Noé, arXiv (2022)



Materials
• Molecules have open boundary conditions
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Materials
• Molecules have open boundary conditions 

• Materials have periodic boundary conditions



Materials
• Molecules have open boundary conditions 

• Materials have periodic boundary conditions 

• Formalized as Bloch’s Theorems

G. Rajagopal, R. J. Needs, A. James, S. D. Kenny, W. M. C. Foulkes, PRB (1995)

F. Bloch, Zeitschrift für Physik (1928)
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Materials
• The FermiNet can be directly modified to be compatible with Bloch’s theorems:


• Remove the exponentially-decaying envelope needed for open boundaries


• Add a complex plane-wave envelope to satisfy the Bloch theorems


• Modify the input features to be periodic

G. Cassella, H. Sutterud, S. Azadi, N. D. Drummond, D. Pfau, J. S. Spencer and W. M. C. Foulkes, arXiv (2022)

M. Wilson, S. Moroni, M. Holzmann, N. Gao, F. Wudarski, T. Vegge and A. Bhowmik, arXiv (2022)

X. Li, Z. Li and J. Chen, arXiv (2022)
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si = aTi r
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si ! sin(si), cos(si)

<latexit sha1_base64="YO7FcBmesuBfXUzlju07xXwVDTw="></latexit>
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T
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Materials
Wigner Crystallization

• Lower energy than conventional Ansätze


• Works on both sides of the phase transition - phase is not assumed!

G. Cassella, H. Sutterud, S. Azadi, N. D. Drummond, D. Pfau, J. S. Spencer and W. M. C. Foulkes, arXiv (2022)



Materials
Extending to Solids

• Need to add atomic potentials 

• Need to account for finite size effects: two techniques


• Increase the number of unit cells: number of electrons grows cubically!


• “k-point averaging”: repeatedly solve with different fixed phase shifts
<latexit sha1_base64="IKXoc83nyTTMEaZoFoGSmvQpd/0="></latexit>

 (r1, . . . , rn) = U(r1, . . . , rn)exp

 
ikT

s

X

i

ri

!

Choose fixed k, solve for ground state, rinse, repeat



Materials
Preliminary Results on Solids

• Simplified network for scaling: only one determinant, small batch size 

• Largest neural network ansatz calculation to date: 108 electrons on LiH (3x3x3 lattice)


• Results on 54 electron homogeneous electron gas are worse than conventional VMC

X. Li, Z. Li and J. Chen, arXiv (2022)

Neural network Ansatz

Conventional VMC



Future Directions

• Pushing to higher accuracy: how far are we from the true ground state?


• Scaling to bigger systems: how can we simulate hundreds of electrons 
without sacrificing accuracy or using all the world’s GPUs?


• Integration with other electronic structure methods: can hybrid methods 
give us the best of both worlds - accuracy and speed?


• Better interpretability: can we open up the black box and better understand 
what these neural networks are learning that other methods can’t?


• Better performance on real materials: how can we handle finite size effects, 
scale to larger lattices?



Summary
• Building neural networks with invariant or equivariant representations is a 

powerful recipe for creating accurate, general approximations to high dimensional 
functions


• Second-order optimization methods can be applied to neural networks and are 
well suited for ab-initio electronic structure applications


• Only a small amount of prior physical knowledge needs to be built into neural 
networks to make them appropriate as wavefunction Ansätze 

• Neural network Ansätze can dramatically improve the accuracy of variational QMC, 
making it competitive with other state-of-the-art electronic structure methods


• While there has been initial work on extensions to materials, applications to real 
materials where neural networks beat alternatives remains an open problem
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