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Natural Language Prediction

Entropy rate of English text is ~1.3 bits per character

C. E. Shannon, Bell Systems Technical Journal (1951)


T. M. Cover and R. C. King, IEEE Trans. Information Theory (1978)



Prediction as Intelligence
Solomonoff Induction

• Optimal induction is minimizing description length of data and 
model, model = program


•  Provably incomputable!


• But builds a bridge between AI and info theory


• Inspirational to AIXI [M. Hutter (2000)], Wikipedia compression 
prize [M. Hutter (2006)]

R. J. Solomonoff, Information and Control (1964)

<latexit sha1_base64="xAej/kV39whs4htklGoztJyepeQ="></latexit>
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N-Gram Models
Language Modelling in the Before Times

<latexit sha1_base64="9deCBRvrAWKphdXbI5zxm0Fjkxk=">AAACEHicbVDLSsNAFJ34rPUVdelmsIjtwpJIURGEohtXUsE+oA1hMpm0QycPZiZiifkEN/6KGxeKuHXpzr9xknahrQcuHM65l3vvcSJGhTSMb21ufmFxabmwUlxdW9/Y1Le2WyKMOSZNHLKQdxwkCKMBaUoqGelEnCDfYaTtDC8zv31HuKBhcCtHEbF81A+oRzGSSrL1g6h8byfm2XVageewF/HQtSnMRAofYG7RQzOt2HrJqBo54CwxJ6QEJmjY+lfPDXHsk0BihoTomkYkrQRxSTEjabEXCxIhPER90lU0QD4RVpI/lMJ9pbjQC7mqQMJc/T2RIF+Ike+oTh/JgZj2MvE/rxtL79RKaBDFkgR4vMiLGZQhzNKBLuUESzZSBGFO1a0QDxBHWKoMiyoEc/rlWdI6qprH1dpNrVS/mMRRALtgD5SBCU5AHVyBBmgCDB7BM3gFb9qT9qK9ax/j1jltMrMD/kD7/AEMrZq3</latexit>

p(x1:N ) =
Y

i

p(xi|x1:i�1)

<latexit sha1_base64="EXj2uhkiuBWh4XsuCk96O3kh438=">AAACDnicbZDLSsNAFIYn9VbrLerSzWAp1EVLIkVFEIpuXFawF2hDmEwn7dDJJMxMpCX2Cdz4Km5cKOLWtTvfxmkbRFt/GPj5zjmcOb8XMSqVZX0ZmaXlldW17HpuY3Nre8fc3WvIMBaY1HHIQtHykCSMclJXVDHSigRBgcdI0xtcTerNOyIkDfmtGkXECVCPU59ipDRyzUJUHLr0fugm9jkt2eMjeAF/EC3xGXTNvFW2poKLxk5NHqSqueZnpxviOCBcYYakbNtWpJwECUUxI+NcJ5YkQniAeqStLUcBkU4yPWcMC5p0oR8K/biCU/p7IkGBlKPA050BUn05X5vA/2rtWPlnTkJ5FCvC8WyRHzOoQjjJBnapIFixkTYIC6r/CnEfCYSVTjCnQ7DnT140jeOyfVKu3FTy1cs0jiw4AIegCGxwCqrgGtRAHWDwAJ7AC3g1Ho1n4814n7VmjHRmH/yR8fENai+acg==</latexit>

p(xi|x1:i�1) = p(xi|xi�n:i�1)

<latexit sha1_base64="OzNuCw7QbDdgMUswrfJQKAn8XRQ=">AAACDnicbZDLSsNAFIYnXmu9RV26GSyFurAkUlQEoejGZUV7gSaUyXTSDp1MwsxELCFP4MZXceNCEbeu3fk2TtostPWHgY//nMOc83sRo1JZ1rexsLi0vLJaWCuub2xubZs7uy0ZxgKTJg5ZKDoekoRRTpqKKkY6kSAo8Bhpe6OrrN6+J0LSkN+pcUTcAA049SlGSls9s+wESA0xYsltWnnoJUcO5b4an1vpIbyAmcE198ySVbUmgvNg51ACuRo988vphzgOCFeYISm7thUpN0FCUcxIWnRiSSKER2hAuho5Coh0k8k5KSxrpw/9UOjHFZy4vycSFEg5DjzdmS0vZ2uZ+V+tGyv/zE0oj2JFOJ5+5McMqhBm2cA+FQQrNtaAsKB6V4iHSCCsdIJFHYI9e/I8tI6r9km1dlMr1S/zOApgHxyACrDBKaiDa9AATYDBI3gGr+DNeDJejHfjY9q6YOQze+CPjM8fqAKbNQ==</latexit>

S(x�1:0) = x�n:0

<latexit sha1_base64="Rh2VxMn0Za4O1hpRDCQziLhoHfY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlx9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSvqh5l7X6fb3SuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHfpON5A==</latexit>

p(x)

WHEN_THE_CAT…

<latexit sha1_base64="uVqqZ5EmH49rSRbBYUgVs0YfXWE=">AAAB+nicbVDLTgIxFO34RHwNunTTSExwQ2YMUZcoG5eY8EpgQjqlAw1tZ9J2VDLwKW5caIxbv8Sdf2MHZqHgSZqcnHNv7unxI0aVdpxva219Y3NrO7eT393bPzi0C0ctFcYSkyYOWSg7PlKEUUGammpGOpEkiPuMtP1xLfXbD0QqGoqGnkTE42goaEAx0kbq24Wo9DTtcaRHkie1m8bsvG8XnbIzB1wlbkaKIEO9b3/1BiGOOREaM6RU13Ui7SVIaooZmeV7sSIRwmM0JF1DBeJEeck8+gyeGWUAg1CaJzScq783EsSVmnDfTKYh1bKXiv953VgH115CRRRrIvDiUBAzqEOY9gAHVBKs2cQQhCU1WSEeIYmwNm3lTQnu8pdXSeui7F6WK/eVYvU2qyMHTsApKAEXXIEquAN10AQYPIJn8ArerKn1Yr1bH4vRNSvbOQZ/YH3+AOkek8g=</latexit>

p(x|CAT)

<latexit sha1_base64="DTqeyjNv+RGmkhpQX2w2B6PEyVo=">AAAB+nicbVDLTgIxFO3gC/E16NJNIzHBDZkxRF2ibFxiIo8EJqRTOtDQdiZtRyUDn+LGhca49Uvc+Td2YBYKnqTJyTn35p4eP2JUacf5tnJr6xubW/ntws7u3v6BXTxsqTCWmDRxyELZ8ZEijArS1FQz0okkQdxnpO2P66nffiBS0VDc60lEPI6GggYUI22kvl2Myk/THkd6JHlSv27Mzvp2yak4c8BV4makBDI0+vZXbxDimBOhMUNKdV0n0l6CpKaYkVmhFysSITxGQ9I1VCBOlJfMo8/gqVEGMAileULDufp7I0FcqQn3zWQaUi17qfif1411cOUlVESxJgIvDgUxgzqEaQ9wQCXBmk0MQVhSkxXiEZIIa9NWwZTgLn95lbTOK+5FpXpXLdVusjry4BicgDJwwSWogVvQAE2AwSN4Bq/gzZpaL9a79bEYzVnZzhH4A+vzB+MGk8Q=</latexit>

p(x|CAP)

<latexit sha1_base64="oSPnTdBun1iOTp/Y8Wut5dWC2VI=">AAAB+nicbVDNTgIxGOziH+LfokcvjcQEL2TXEPVI5OIRExZIYEO6pUBD2920XZUsPIoXDxrj1Sfx5tvYhT0oOEmTycz35ZtOEDGqtON8W7mNza3tnfxuYW//4PDILh63VBhLTDwcslB2AqQIo4J4mmpGOpEkiAeMtINJPfXbD0QqGoqmnkbE52gk6JBipI3Ut4tR+WnW40iPJU/qXnN+0bdLTsVZAK4TNyMlkKHRt796gxDHnAiNGVKq6zqR9hMkNcWMzAu9WJEI4Qkaka6hAnGi/GQRfQ7PjTKAw1CaJzRcqL83EsSVmvLATKYh1aqXiv953VgPb/yEiijWRODloWHMoA5h2gMcUEmwZlNDEJbUZIV4jCTC2rRVMCW4q19eJ63LintVqd5XS7XbrI48OAVnoAxccA1q4A40gAcweATP4BW8WTPrxXq3PpajOSvbOQF/YH3+AAe5k9w=</latexit>

p(x|CUT)

<latexit sha1_base64="rDCMp8iKj+xZEW5NHKY9CdzGc/4=">AAAB+nicbVDNTgIxGOz6i/i36NFLIzHBC9k1RD0SuXjExAUS2JBu6UJD2920XZUsPIoXDxrj1Sfx5tvYhT0oOEmTycz35ZtOEDOqtON8W2vrG5tb24Wd4u7e/sGhXTpqqSiRmHg4YpHsBEgRRgXxNNWMdGJJEA8YaQfjRua3H4hUNBL3ehITn6OhoCHFSBupb5fiytO0x5EeSZ42vObsvG+XnaozB1wlbk7KIEezb3/1BhFOOBEaM6RU13Vi7adIaooZmRV7iSIxwmM0JF1DBeJE+ek8+gyeGWUAw0iaJzScq783UsSVmvDATGYh1bKXif953USH135KRZxoIvDiUJgwqCOY9QAHVBKs2cQQhCU1WSEeIYmwNm0VTQnu8pdXSeui6l5Wa3e1cv0mr6MATsApqAAXXIE6uAVN4AEMHsEzeAVv1tR6sd6tj8XompXvHIM/sD5/AAGhk9g=</latexit>

p(x|CUP)

<latexit sha1_base64="2++6EurdJTh4v09l4hkWVl6CVKE=">AAAB+nicbVDLTgIxFO34RHwNunTTSExwQ2YMUZeoG5aY8EpgQjqlAw1tZ9J2VDLwKW5caIxbv8Sdf2MHZqHgSZqcnHNv7unxI0aVdpxva219Y3NrO7eT393bPzi0C0ctFcYSkyYOWSg7PlKEUUGammpGOpEkiPuMtP3xXeq3H4hUNBQNPYmIx9FQ0IBipI3UtwtR6Wna40iPJE9qN43Zed8uOmVnDrhK3IwUQYZ63/7qDUIccyI0ZkiprutE2kuQ1BQzMsv3YkUihMdoSLqGCsSJ8pJ59Bk8M8oABqE0T2g4V39vJIgrNeG+mUxDqmUvFf/zurEOrr2EiijWRODFoSBmUIcw7QEOqCRYs4khCEtqskI8QhJhbdrKmxLc5S+vktZF2b0sV+4rxeptVkcOnIBTUAIuuAJVUAN10AQYPIJn8ArerKn1Yr1bH4vRNSvbOQZ/YH3+APDGk80=</latexit>

p(x|HAT)

<latexit sha1_base64="An0OICi+FGIM004LqTtGbbbXF8s=">AAAB+nicbVDLTgIxFO3gC/E16NJNIzHBDZkxRF2iblhiIo8EJqRTOtDQdiZtRyUDn+LGhca49Uvc+Td2YBYKnqTJyTn35p4eP2JUacf5tnJr6xubW/ntws7u3v6BXTxsqTCWmDRxyELZ8ZEijArS1FQz0okkQdxnpO2Pb1O//UCkoqG415OIeBwNBQ0oRtpIfbsYlZ+mPY70SPKkft2YnfXtklNx5oCrxM1ICWRo9O2v3iDEMSdCY4aU6rpOpL0ESU0xI7NCL1YkQniMhqRrqECcKC+ZR5/BU6MMYBBK84SGc/X3RoK4UhPum8k0pFr2UvE/rxvr4MpLqIhiTQReHApiBnUI0x7ggEqCNZsYgrCkJivEIyQR1qatginBXf7yKmmdV9yLSvWuWqrdZHXkwTE4AWXggktQA3XQAE2AwSN4Bq/gzZpaL9a79bEYzVnZzhH4A+vzB+quk8k=</latexit>

p(x|HAP)

<latexit sha1_base64="45jkXg9jDAiSZJHIDRx/06SwQ9U=">AAAB+nicbVDNTgIxGOziH+LfokcvjcQEL2TXEPVI9MIRExZIYEO6pUBD2920XZUsPIoXDxrj1Sfx5tvYhT0oOEmTycz35ZtOEDGqtON8W7mNza3tnfxuYW//4PDILh63VBhLTDwcslB2AqQIo4J4mmpGOpEkiAeMtIPJXeq3H4hUNBRNPY2Iz9FI0CHFSBupbxej8tOsx5EeS57Uveb8om+XnIqzAFwnbkZKIEOjb3/1BiGOOREaM6RU13Ui7SdIaooZmRd6sSIRwhM0Il1DBeJE+cki+hyeG2UAh6E0T2i4UH9vJIgrNeWBmUxDqlUvFf/zurEe3vgJFVGsicDLQ8OYQR3CtAc4oJJgzaaGICypyQrxGEmEtWmrYEpwV7+8TlqXFfeqUr2vlmq3WR15cArOQBm44BrUQB00gAcweATP4BW8WTPrxXq3PpajOSvbOQF/YH3+AA9hk+E=</latexit>

p(x|HUT)

<latexit sha1_base64="PY72hZoT99HybnhhPK6lD/0v32o=">AAAB+nicbVDNTgIxGOz6i/i36NFLIzHBC9k1RD0SvXDExAUS2JBu6UJD2920XZUsPIoXDxrj1Sfx5tvYhT0oOEmTycz35ZtOEDOqtON8W2vrG5tb24Wd4u7e/sGhXTpqqSiRmHg4YpHsBEgRRgXxNNWMdGJJEA8YaQfj28xvPxCpaCTu9SQmPkdDQUOKkTZS3y7FladpjyM9kjxteM3Zed8uO1VnDrhK3JyUQY5m3/7qDSKccCI0ZkipruvE2k+R1BQzMiv2EkVihMdoSLqGCsSJ8tN59Bk8M8oAhpE0T2g4V39vpIgrNeGBmcxCqmUvE//zuokOr/2UijjRRODFoTBhUEcw6wEOqCRYs4khCEtqskI8QhJhbdoqmhLc5S+vktZF1b2s1u5q5fpNXkcBnIBTUAEuuAJ10ABN4AEMHsEzeAVv1tR6sd6tj8XompXvHIM/sD5/AAlJk90=</latexit>

p(x|HUP)

<latexit sha1_base64="KlPocuk2WRtmbNieNa6ehM0dGfA=">AAAB+HicbVDLTgIxFL2DL8QHoy7dNBIT3JAZQ9Ql0Y1LTHglMCGdUqChnZm0HSOOfIkbFxrj1k9x59/YgVkoeJImJ+fcm3t6/IgzpR3n28qtrW9sbuW3Czu7e/tF++CwpcJYEtokIQ9lx8eKchbQpmaa004kKRY+p21/cpP67XsqFQuDhp5G1BN4FLAhI1gbqW8Xo/LDU09gPZYiaczO+nbJqThzoFXiZqQEGep9+6s3CEksaKAJx0p1XSfSXoKlZoTTWaEXKxphMsEj2jU0wIIqL5kHn6FTowzQMJTmBRrN1d8bCRZKTYVvJtOIatlLxf+8bqyHV17CgijWNCCLQ8OYIx2itAU0YJISzaeGYCKZyYrIGEtMtOmqYEpwl7+8SlrnFfeiUr2rlmrXWR15OIYTKIMLl1CDW6hDEwjE8Ayv8GY9Wi/Wu/WxGM1Z2c4R/IH1+QPLGJMw</latexit>

p(x|T)

<latexit sha1_base64="9dhySGfBY86tetg8wElyGbUd6Xo=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRoi6LblxWsA9oQ5lMJ+3QmSTMTMQa+yVuXCji1k9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zba2srq1vbBa2its7u3sle/+gpaJEEtokEY9kx8eKchbSpmaa004sKRY+p21/fJ357XsqFYvCOz2JqSfwMGQBI1gbqW+X4srDU09gPZIibUxP+3bZqTozoGXi5qQMORp9+6s3iEgiaKgJx0p1XSfWXoqlZoTTabGXKBpjMsZD2jU0xIIqL50Fn6ITowxQEEnzQo1m6u+NFAulJsI3k1lEtehl4n9eN9HBpZeyME40Dcn8UJBwpCOUtYAGTFKi+cQQTCQzWREZYYmJNl0VTQnu4peXSeus6p5Xa7e1cv0qr6MAR3AMFXDhAupwAw1oAoEEnuEV3qxH68V6tz7moytWvnMIf2B9/gDFAJMs</latexit>

p(x|P)

<latexit sha1_base64="zRt5+wPq3j16v7ACSiSqgGmZDxs=">AAAB+XicbVDLTgIxFL2DL8TXqEs3jcQEN2TGEHWJunGJCa8EJqRTCjR0OpO2QyQjf+LGhca49U/c+Td2YBYKnqTJyTn35p4eP+JMacf5tnJr6xubW/ntws7u3v6BfXjUVGEsCW2QkIey7WNFORO0oZnmtB1JigOf05Y/vkv91oRKxUJR19OIegEeCjZgBGsj9Ww7Kj0+dQOsRzJIbuqz855ddMrOHGiVuBkpQoZaz/7q9kMSB1RowrFSHdeJtJdgqRnhdFboxopGmIzxkHYMFTigykvmyWfozCh9NAileUKjufp7I8GBUtPAN5NpRrXspeJ/XifWg2svYSKKNRVkcWgQc6RDlNaA+kxSovnUEEwkM1kRGWGJiTZlFUwJ7vKXV0nzouxelisPlWL1NqsjDydwCiVw4QqqcA81aACBCTzDK7xZifVivVsfi9Gcle0cwx9Ynz9YeZN7</latexit>

p(x|AT)

<latexit sha1_base64="TW8epTbMBZzeAUPAUjO+fP+/7s8=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRS1GXVjcsK9gFtKJPppB06mYSZSbHE/okbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8Wyura+sbm4Wt4vbO7t6+fXDYVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/us381phKxSLxoCcx9UI8ECxgBGsj9Ww7Lj8+dUOshzJMr+vTs55dcirODGiZuDkpQY56z/7q9iOShFRowrFSHdeJtZdiqRnhdFrsJorGmIzwgHYMFTikyktnyafo1Ch9FETSPKHRTP29keJQqUnom8kso1r0MvE/r5Po4MpLmYgTTQWZHwoSjnSEshpQn0lKNJ8YgolkJisiQywx0aasoinBXfzyMmmeV9yLSvW+Wqrd5HUU4BhOoAwuXEIN7qAODSAwhmd4hTcrtV6sd+tjPrpi5TtH8AfW5w9SYZN3</latexit>

p(x|AP)

<latexit sha1_base64="Igxu/S/V1djKDH41hI4QnwJhjgo=">AAAB+XicbVBNT8JAFHz1E/Gr6tHLRmKCF9Iaoh6JXjxiQoEEGrJdtrBht212t0RS+SdePGiMV/+JN/+NC/Sg4CSbTGbey5udIOFMacf5ttbWNza3tgs7xd29/YND++i4qeJUEuqRmMeyHWBFOYuop5nmtJ1IikXAaSsY3c381phKxeKooScJ9QUeRCxkBGsj9Ww7KT8+dQXWQykyrzG96Nklp+LMgVaJm5MS5Kj37K9uPyapoJEmHCvVcZ1E+xmWmhFOp8VuqmiCyQgPaMfQCAuq/GyefIrOjdJHYSzNizSaq783MiyUmojATM4yqmVvJv7ndVId3vgZi5JU04gsDoUpRzpGsxpQn0lKNJ8YgolkJisiQywx0aasoinBXf7yKmleVtyrSvWhWqrd5nUU4BTOoAwuXEMN7qEOHhAYwzO8wpuVWS/Wu/WxGF2z8p0T+APr8wd3BZOP</latexit>

p(x|UT)

<latexit sha1_base64="4+N03IAHuJkIQfi46FujosZyNpg=">AAAB+XicbVBNT8JAFHzFL8SvqkcvG4kJXkhriHokevGIiQUSaMh2WWDDbtvsbomk8k+8eNAYr/4Tb/4bt9CDgpNsMpl5L292gpgzpR3n2yqsrW9sbhW3Szu7e/sH9uFRU0WJJNQjEY9kO8CKchZSTzPNaTuWFIuA01Ywvs381oRKxaLwQU9j6gs8DNmAEayN1LPtuPL41BVYj6RIvcbsvGeXnaozB1olbk7KkKPRs7+6/YgkgoaacKxUx3Vi7adYakY4nZW6iaIxJmM8pB1DQyyo8tN58hk6M0ofDSJpXqjRXP29kWKh1FQEZjLLqJa9TPzP6yR6cO2nLIwTTUOyODRIONIRympAfSYp0XxqCCaSmayIjLDERJuySqYEd/nLq6R5UXUvq7X7Wrl+k9dRhBM4hQq4cAV1uIMGeEBgAs/wCm9War1Y79bHYrRg5TvH8AfW5w9w7ZOL</latexit>

p(x|UP)



N-Gram Models
Language Modelling in the Before Times

<latexit sha1_base64="9deCBRvrAWKphdXbI5zxm0Fjkxk=">AAACEHicbVDLSsNAFJ34rPUVdelmsIjtwpJIURGEohtXUsE+oA1hMpm0QycPZiZiifkEN/6KGxeKuHXpzr9xknahrQcuHM65l3vvcSJGhTSMb21ufmFxabmwUlxdW9/Y1Le2WyKMOSZNHLKQdxwkCKMBaUoqGelEnCDfYaTtDC8zv31HuKBhcCtHEbF81A+oRzGSSrL1g6h8byfm2XVageewF/HQtSnMRAofYG7RQzOt2HrJqBo54CwxJ6QEJmjY+lfPDXHsk0BihoTomkYkrQRxSTEjabEXCxIhPER90lU0QD4RVpI/lMJ9pbjQC7mqQMJc/T2RIF+Ike+oTh/JgZj2MvE/rxtL79RKaBDFkgR4vMiLGZQhzNKBLuUESzZSBGFO1a0QDxBHWKoMiyoEc/rlWdI6qprH1dpNrVS/mMRRALtgD5SBCU5AHVyBBmgCDB7BM3gFb9qT9qK9ax/j1jltMrMD/kD7/AEMrZq3</latexit>

p(x1:N ) =
Y

i

p(xi|x1:i�1)

<latexit sha1_base64="EXj2uhkiuBWh4XsuCk96O3kh438=">AAACDnicbZDLSsNAFIYn9VbrLerSzWAp1EVLIkVFEIpuXFawF2hDmEwn7dDJJMxMpCX2Cdz4Km5cKOLWtTvfxmkbRFt/GPj5zjmcOb8XMSqVZX0ZmaXlldW17HpuY3Nre8fc3WvIMBaY1HHIQtHykCSMclJXVDHSigRBgcdI0xtcTerNOyIkDfmtGkXECVCPU59ipDRyzUJUHLr0fugm9jkt2eMjeAF/EC3xGXTNvFW2poKLxk5NHqSqueZnpxviOCBcYYakbNtWpJwECUUxI+NcJ5YkQniAeqStLUcBkU4yPWcMC5p0oR8K/biCU/p7IkGBlKPA050BUn05X5vA/2rtWPlnTkJ5FCvC8WyRHzOoQjjJBnapIFixkTYIC6r/CnEfCYSVTjCnQ7DnT140jeOyfVKu3FTy1cs0jiw4AIegCGxwCqrgGtRAHWDwAJ7AC3g1Ho1n4814n7VmjHRmH/yR8fENai+acg==</latexit>

p(xi|x1:i�1) = p(xi|xi�n:i�1)

<latexit sha1_base64="OzNuCw7QbDdgMUswrfJQKAn8XRQ=">AAACDnicbZDLSsNAFIYnXmu9RV26GSyFurAkUlQEoejGZUV7gSaUyXTSDp1MwsxELCFP4MZXceNCEbeu3fk2TtostPWHgY//nMOc83sRo1JZ1rexsLi0vLJaWCuub2xubZs7uy0ZxgKTJg5ZKDoekoRRTpqKKkY6kSAo8Bhpe6OrrN6+J0LSkN+pcUTcAA049SlGSls9s+wESA0xYsltWnnoJUcO5b4an1vpIbyAmcE198ySVbUmgvNg51ACuRo988vphzgOCFeYISm7thUpN0FCUcxIWnRiSSKER2hAuho5Coh0k8k5KSxrpw/9UOjHFZy4vycSFEg5DjzdmS0vZ2uZ+V+tGyv/zE0oj2JFOJ5+5McMqhBm2cA+FQQrNtaAsKB6V4iHSCCsdIJFHYI9e/I8tI6r9km1dlMr1S/zOApgHxyACrDBKaiDa9AATYDBI3gGr+DNeDJejHfjY9q6YOQze+CPjM8fqAKbNQ==</latexit>

S(x�1:0) = x�n:0

<latexit sha1_base64="uVqqZ5EmH49rSRbBYUgVs0YfXWE=">AAAB+nicbVDLTgIxFO34RHwNunTTSExwQ2YMUZcoG5eY8EpgQjqlAw1tZ9J2VDLwKW5caIxbv8Sdf2MHZqHgSZqcnHNv7unxI0aVdpxva219Y3NrO7eT393bPzi0C0ctFcYSkyYOWSg7PlKEUUGammpGOpEkiPuMtP1xLfXbD0QqGoqGnkTE42goaEAx0kbq24Wo9DTtcaRHkie1m8bsvG8XnbIzB1wlbkaKIEO9b3/1BiGOOREaM6RU13Ui7SVIaooZmeV7sSIRwmM0JF1DBeJEeck8+gyeGWUAg1CaJzScq783EsSVmnDfTKYh1bKXiv953VgH115CRRRrIvDiUBAzqEOY9gAHVBKs2cQQhCU1WSEeIYmwNm3lTQnu8pdXSeui7F6WK/eVYvU2qyMHTsApKAEXXIEquAN10AQYPIJn8ArerKn1Yr1bH4vRNSvbOQZ/YH3+AOkek8g=</latexit>

p(x|CAT)

<latexit sha1_base64="DTqeyjNv+RGmkhpQX2w2B6PEyVo=">AAAB+nicbVDLTgIxFO3gC/E16NJNIzHBDZkxRF2ibFxiIo8EJqRTOtDQdiZtRyUDn+LGhca49Uvc+Td2YBYKnqTJyTn35p4eP2JUacf5tnJr6xubW/ntws7u3v6BXTxsqTCWmDRxyELZ8ZEijArS1FQz0okkQdxnpO2P66nffiBS0VDc60lEPI6GggYUI22kvl2Myk/THkd6JHlSv27Mzvp2yak4c8BV4makBDI0+vZXbxDimBOhMUNKdV0n0l6CpKaYkVmhFysSITxGQ9I1VCBOlJfMo8/gqVEGMAileULDufp7I0FcqQn3zWQaUi17qfif1411cOUlVESxJgIvDgUxgzqEaQ9wQCXBmk0MQVhSkxXiEZIIa9NWwZTgLn95lbTOK+5FpXpXLdVusjry4BicgDJwwSWogVvQAE2AwSN4Bq/gzZpaL9a79bEYzVnZzhH4A+vzB+MGk8Q=</latexit>

p(x|CAP)

<latexit sha1_base64="Rh2VxMn0Za4O1hpRDCQziLhoHfY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlx9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSvqh5l7X6fb3SuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHfpON5A==</latexit>

p(x)

<latexit sha1_base64="oSPnTdBun1iOTp/Y8Wut5dWC2VI=">AAAB+nicbVDNTgIxGOziH+LfokcvjcQEL2TXEPVI5OIRExZIYEO6pUBD2920XZUsPIoXDxrj1Sfx5tvYhT0oOEmTycz35ZtOEDGqtON8W7mNza3tnfxuYW//4PDILh63VBhLTDwcslB2AqQIo4J4mmpGOpEkiAeMtINJPfXbD0QqGoqmnkbE52gk6JBipI3Ut4tR+WnW40iPJU/qXnN+0bdLTsVZAK4TNyMlkKHRt796gxDHnAiNGVKq6zqR9hMkNcWMzAu9WJEI4Qkaka6hAnGi/GQRfQ7PjTKAw1CaJzRcqL83EsSVmvLATKYh1aqXiv953VgPb/yEiijWRODloWHMoA5h2gMcUEmwZlNDEJbUZIV4jCTC2rRVMCW4q19eJ63LintVqd5XS7XbrI48OAVnoAxccA1q4A40gAcweATP4BW8WTPrxXq3PpajOSvbOQF/YH3+AAe5k9w=</latexit>

p(x|CUT)

<latexit sha1_base64="rDCMp8iKj+xZEW5NHKY9CdzGc/4=">AAAB+nicbVDNTgIxGOz6i/i36NFLIzHBC9k1RD0SuXjExAUS2JBu6UJD2920XZUsPIoXDxrj1Sfx5tvYhT0oOEmTycz35ZtOEDOqtON8W2vrG5tb24Wd4u7e/sGhXTpqqSiRmHg4YpHsBEgRRgXxNNWMdGJJEA8YaQfjRua3H4hUNBL3ehITn6OhoCHFSBupb5fiytO0x5EeSZ42vObsvG+XnaozB1wlbk7KIEezb3/1BhFOOBEaM6RU13Vi7adIaooZmRV7iSIxwmM0JF1DBeJE+ek8+gyeGWUAw0iaJzScq783UsSVmvDATGYh1bKXif953USH135KRZxoIvDiUJgwqCOY9QAHVBKs2cQQhCU1WSEeIYmwNm0VTQnu8pdXSeui6l5Wa3e1cv0mr6MATsApqAAXXIE6uAVN4AEMHsEzeAVv1tR6sd6tj8XompXvHIM/sD5/AAGhk9g=</latexit>

p(x|CUP)

<latexit sha1_base64="2++6EurdJTh4v09l4hkWVl6CVKE=">AAAB+nicbVDLTgIxFO34RHwNunTTSExwQ2YMUZeoG5aY8EpgQjqlAw1tZ9J2VDLwKW5caIxbv8Sdf2MHZqHgSZqcnHNv7unxI0aVdpxva219Y3NrO7eT393bPzi0C0ctFcYSkyYOWSg7PlKEUUGammpGOpEkiPuMtP3xXeq3H4hUNBQNPYmIx9FQ0IBipI3UtwtR6Wna40iPJE9qN43Zed8uOmVnDrhK3IwUQYZ63/7qDUIccyI0ZkiprutE2kuQ1BQzMsv3YkUihMdoSLqGCsSJ8pJ59Bk8M8oABqE0T2g4V39vJIgrNeG+mUxDqmUvFf/zurEOrr2EiijWRODFoSBmUIcw7QEOqCRYs4khCEtqskI8QhJhbdrKmxLc5S+vktZF2b0sV+4rxeptVkcOnIBTUAIuuAJVUAN10AQYPIJn8ArerKn1Yr1bH4vRNSvbOQZ/YH3+APDGk80=</latexit>

p(x|HAT)

<latexit sha1_base64="An0OICi+FGIM004LqTtGbbbXF8s=">AAAB+nicbVDLTgIxFO3gC/E16NJNIzHBDZkxRF2iblhiIo8EJqRTOtDQdiZtRyUDn+LGhca49Uvc+Td2YBYKnqTJyTn35p4eP2JUacf5tnJr6xubW/ntws7u3v6BXTxsqTCWmDRxyELZ8ZEijArS1FQz0okkQdxnpO2Pb1O//UCkoqG415OIeBwNBQ0oRtpIfbsYlZ+mPY70SPKkft2YnfXtklNx5oCrxM1ICWRo9O2v3iDEMSdCY4aU6rpOpL0ESU0xI7NCL1YkQniMhqRrqECcKC+ZR5/BU6MMYBBK84SGc/X3RoK4UhPum8k0pFr2UvE/rxvr4MpLqIhiTQReHApiBnUI0x7ggEqCNZsYgrCkJivEIyQR1qatginBXf7yKmmdV9yLSvWuWqrdZHXkwTE4AWXggktQA3XQAE2AwSN4Bq/gzZpaL9a79bEYzVnZzhH4A+vzB+quk8k=</latexit>

p(x|HAP)

<latexit sha1_base64="45jkXg9jDAiSZJHIDRx/06SwQ9U=">AAAB+nicbVDNTgIxGOziH+LfokcvjcQEL2TXEPVI9MIRExZIYEO6pUBD2920XZUsPIoXDxrj1Sfx5tvYhT0oOEmTycz35ZtOEDGqtON8W7mNza3tnfxuYW//4PDILh63VBhLTDwcslB2AqQIo4J4mmpGOpEkiAeMtIPJXeq3H4hUNBRNPY2Iz9FI0CHFSBupbxej8tOsx5EeS57Uveb8om+XnIqzAFwnbkZKIEOjb3/1BiGOOREaM6RU13Ui7SdIaooZmRd6sSIRwhM0Il1DBeJE+cki+hyeG2UAh6E0T2i4UH9vJIgrNeWBmUxDqlUvFf/zurEe3vgJFVGsicDLQ8OYQR3CtAc4oJJgzaaGICypyQrxGEmEtWmrYEpwV7+8TlqXFfeqUr2vlmq3WR15cArOQBm44BrUQB00gAcweATP4BW8WTPrxXq3PpajOSvbOQF/YH3+AA9hk+E=</latexit>

p(x|HUT)

<latexit sha1_base64="PY72hZoT99HybnhhPK6lD/0v32o=">AAAB+nicbVDNTgIxGOz6i/i36NFLIzHBC9k1RD0SvXDExAUS2JBu6UJD2920XZUsPIoXDxrj1Sfx5tvYhT0oOEmTycz35ZtOEDOqtON8W2vrG5tb24Wd4u7e/sGhXTpqqSiRmHg4YpHsBEgRRgXxNNWMdGJJEA8YaQfj28xvPxCpaCTu9SQmPkdDQUOKkTZS3y7FladpjyM9kjxteM3Zed8uO1VnDrhK3JyUQY5m3/7qDSKccCI0ZkipruvE2k+R1BQzMiv2EkVihMdoSLqGCsSJ8tN59Bk8M8oAhpE0T2g4V39vpIgrNeGBmcxCqmUvE//zuokOr/2UijjRRODFoTBhUEcw6wEOqCRYs4khCEtqskI8QhJhbdoqmhLc5S+vktZF1b2s1u5q5fpNXkcBnIBTUAEuuAJ10ABN4AEMHsEzeAVv1tR6sd6tj8XompXvHIM/sD5/AAlJk90=</latexit>

p(x|HUP)

<latexit sha1_base64="KlPocuk2WRtmbNieNa6ehM0dGfA=">AAAB+HicbVDLTgIxFL2DL8QHoy7dNBIT3JAZQ9Ql0Y1LTHglMCGdUqChnZm0HSOOfIkbFxrj1k9x59/YgVkoeJImJ+fcm3t6/IgzpR3n28qtrW9sbuW3Czu7e/tF++CwpcJYEtokIQ9lx8eKchbQpmaa004kKRY+p21/cpP67XsqFQuDhp5G1BN4FLAhI1gbqW8Xo/LDU09gPZYiaczO+nbJqThzoFXiZqQEGep9+6s3CEksaKAJx0p1XSfSXoKlZoTTWaEXKxphMsEj2jU0wIIqL5kHn6FTowzQMJTmBRrN1d8bCRZKTYVvJtOIatlLxf+8bqyHV17CgijWNCCLQ8OYIx2itAU0YJISzaeGYCKZyYrIGEtMtOmqYEpwl7+8SlrnFfeiUr2rlmrXWR15OIYTKIMLl1CDW6hDEwjE8Ayv8GY9Wi/Wu/WxGM1Z2c4R/IH1+QPLGJMw</latexit>

p(x|T)

<latexit sha1_base64="9dhySGfBY86tetg8wElyGbUd6Xo=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRoi6LblxWsA9oQ5lMJ+3QmSTMTMQa+yVuXCji1k9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zba2srq1vbBa2its7u3sle/+gpaJEEtokEY9kx8eKchbSpmaa004sKRY+p21/fJ357XsqFYvCOz2JqSfwMGQBI1gbqW+X4srDU09gPZIibUxP+3bZqTozoGXi5qQMORp9+6s3iEgiaKgJx0p1XSfWXoqlZoTTabGXKBpjMsZD2jU0xIIqL50Fn6ITowxQEEnzQo1m6u+NFAulJsI3k1lEtehl4n9eN9HBpZeyME40Dcn8UJBwpCOUtYAGTFKi+cQQTCQzWREZYYmJNl0VTQnu4peXSeus6p5Xa7e1cv0qr6MAR3AMFXDhAupwAw1oAoEEnuEV3qxH68V6tz7moytWvnMIf2B9/gDFAJMs</latexit>

p(x|P)

<latexit sha1_base64="zRt5+wPq3j16v7ACSiSqgGmZDxs=">AAAB+XicbVDLTgIxFL2DL8TXqEs3jcQEN2TGEHWJunGJCa8EJqRTCjR0OpO2QyQjf+LGhca49U/c+Td2YBYKnqTJyTn35p4eP+JMacf5tnJr6xubW/ntws7u3v6BfXjUVGEsCW2QkIey7WNFORO0oZnmtB1JigOf05Y/vkv91oRKxUJR19OIegEeCjZgBGsj9Ww7Kj0+dQOsRzJIbuqz855ddMrOHGiVuBkpQoZaz/7q9kMSB1RowrFSHdeJtJdgqRnhdFboxopGmIzxkHYMFTigykvmyWfozCh9NAileUKjufp7I8GBUtPAN5NpRrXspeJ/XifWg2svYSKKNRVkcWgQc6RDlNaA+kxSovnUEEwkM1kRGWGJiTZlFUwJ7vKXV0nzouxelisPlWL1NqsjDydwCiVw4QqqcA81aACBCTzDK7xZifVivVsfi9Gcle0cwx9Ynz9YeZN7</latexit>

p(x|AT)

<latexit sha1_base64="TW8epTbMBZzeAUPAUjO+fP+/7s8=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRS1GXVjcsK9gFtKJPppB06mYSZSbHE/okbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8Wyura+sbm4Wt4vbO7t6+fXDYVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/us381phKxSLxoCcx9UI8ECxgBGsj9Ww7Lj8+dUOshzJMr+vTs55dcirODGiZuDkpQY56z/7q9iOShFRowrFSHdeJtZdiqRnhdFrsJorGmIzwgHYMFTikyktnyafo1Ch9FETSPKHRTP29keJQqUnom8kso1r0MvE/r5Po4MpLmYgTTQWZHwoSjnSEshpQn0lKNJ8YgolkJisiQywx0aasoinBXfzyMmmeV9yLSvW+Wqrd5HUU4BhOoAwuXEIN7qAODSAwhmd4hTcrtV6sd+tjPrpi5TtH8AfW5w9SYZN3</latexit>

p(x|AP)

<latexit sha1_base64="Igxu/S/V1djKDH41hI4QnwJhjgo=">AAAB+XicbVBNT8JAFHz1E/Gr6tHLRmKCF9Iaoh6JXjxiQoEEGrJdtrBht212t0RS+SdePGiMV/+JN/+NC/Sg4CSbTGbey5udIOFMacf5ttbWNza3tgs7xd29/YND++i4qeJUEuqRmMeyHWBFOYuop5nmtJ1IikXAaSsY3c381phKxeKooScJ9QUeRCxkBGsj9Ww7KT8+dQXWQykyrzG96Nklp+LMgVaJm5MS5Kj37K9uPyapoJEmHCvVcZ1E+xmWmhFOp8VuqmiCyQgPaMfQCAuq/GyefIrOjdJHYSzNizSaq783MiyUmojATM4yqmVvJv7ndVId3vgZi5JU04gsDoUpRzpGsxpQn0lKNJ8YgolkJisiQywx0aasoinBXf7yKmleVtyrSvWhWqrd5nUU4BTOoAwuXEMN7qEOHhAYwzO8wpuVWS/Wu/WxGF2z8p0T+APr8wd3BZOP</latexit>

p(x|UT)

<latexit sha1_base64="4+N03IAHuJkIQfi46FujosZyNpg=">AAAB+XicbVBNT8JAFHzFL8SvqkcvG4kJXkhriHokevGIiQUSaMh2WWDDbtvsbomk8k+8eNAYr/4Tb/4bt9CDgpNsMpl5L292gpgzpR3n2yqsrW9sbhW3Szu7e/sH9uFRU0WJJNQjEY9kO8CKchZSTzPNaTuWFIuA01Ywvs381oRKxaLwQU9j6gs8DNmAEayN1LPtuPL41BVYj6RIvcbsvGeXnaozB1olbk7KkKPRs7+6/YgkgoaacKxUx3Vi7adYakY4nZW6iaIxJmM8pB1DQyyo8tN58hk6M0ofDSJpXqjRXP29kWKh1FQEZjLLqJa9TPzP6yR6cO2nLIwTTUOyODRIONIRympAfSYp0XxqCCaSmayIjLDERJuySqYEd/nLq6R5UXUvq7X7Wrl+k9dRhBM4hQq4cAV1uIMGeEBgAs/wCm9War1Y79bHYrRg5TvH8AfW5w9w7ZOL</latexit>

p(x|UP) WHEN_THE_CAT…

Less expressive than Hidden Markov Models…
but more accurate at predicting natural language



N-Gram Models
Language Modelling in the Before Times

T. Brants, A. C. Popat, P. Xu, F. J. Ochs, J. Dean, EMNLP (2007)

2 trillion tokens and 300 billion parameters - still large by today’s standards!



-Machineϵ
Computational Mechanics

• Resulting model class is probabilistic state machine


• Can do frequentist estimation - CSSR [Shalizi and Klinkner 2004]


• Can we do Bayesian estimation of -machines?ϵ

C. R. Shalizi and J. P. Crutchfield, Journal of Statistical Physics (2001)

<latexit sha1_base64="wfn1RgMLDejEbcUvklz+rPTSHFw=">AAACEnicbVDNS8MwHE39nPOr6tFLcAh6cLQyVOZl6EVvE9wHdGWkWbqFpWlJUqGU/g1e/Fe8eFDEqydv/jemWw+6+SDw8t7vR/KeFzEqlWV9GwuLS8srq6W18vrG5ta2ubPblmEsMGnhkIWi6yFJGOWkpahipBsJggKPkY43vs79zgMRkob8XiURcQM05NSnGCkt9c3jXoDUCCOW3mZOt5+e9Cj3VVK3MngJ9d2uT4XM7ZsVq2pNAOeJXZAKKNDsm1+9QYjjgHCFGZLSsa1IuSkSimJGsnIvliRCeIyGxNGUo4BIN51EyuChVgbQD4U+XMGJ+nsjRYGUSeDpyTyAnPVy8T/PiZV/4aaUR7EiHE8f8mMGVQjzfuCACoIVSzRBWFD9V4hHSCCsdItlXYI9G3metE+r9lm1dlerNK6KOkpgHxyAI2CDc9AAN6AJWgCDR/AMXsGb8WS8GO/Gx3R0wSh29sAfGJ8/iY2dZA==</latexit>

I[X�1:0;X1:1]

<latexit sha1_base64="MnaahZaZfpga+FPjkFo4iVtthZg="></latexit>

I[S(X�1:0);X1:1] = I[X�1:0;X1:1]

Predictive Information

Sufficient statistic of the past

Minimal sufficient statistic of the past

Deterministic transition function

<latexit sha1_base64="uMlJdsIjdhcdlb84CweUHn9TCek="></latexit>

8S 9fS!S⇤ s.t. fS!S⇤ � S = S⇤

<latexit sha1_base64="l2A2bBhz8ahkVKkdQ+QbX4WbdOw=">AAACMXicdVDLSgMxFM3UV62vqks3wSJY0TIjRUUQim5cKtpW6NSSSTM1mMkMyR2xDPNLbvwTcdOFIm79CdPHQls9EDiccy6593iR4Bpsu2dlpqZnZuey87mFxaXllfzqWk2HsaKsSkMRqhuPaCa4ZFXgINhNpBgJPMHq3v1Z368/MKV5KK+hG7FmQDqS+5wSMFIrf+4GBO4oEclVeruz/dhK9lwufegeO2kRn2C3zQQQozu7+N+onRaLrXzBLtkD4EnijEgBjXDRyr+47ZDGAZNABdG64dgRNBOigFPB0pwbaxYRek86rGGoJAHTzWRwcYq3jNLGfqjMk4AH6s+JhARadwPPJPtL63GvL/7lNWLwj5oJl1EMTNLhR34sMIS4Xx9uc8UoiK4hhCpudsX0jihCwZScMyU44ydPktp+yTkolS/LhcrpqI4s2kCbaBs56BBV0Dm6QFVE0RN6RW/o3Xq2etaH9TmMZqzRzDr6BevrG5RHqJk=</latexit>

S⇤(x�1:1) = �(x1,S⇤(x�1:0))



Nonparametric Bayesian Inference
<latexit sha1_base64="tbFfa7DUPv728Q27XTZnTHJNzq4=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNyWRoi6LunBZwT6gCWUynbZDZyZhZlIoId/gxl9x40IRt67c+TdO2iy09cCFwzn3cu89QcSo0o7zbRXW1jc2t4rbpZ3dvf0D+/CorcJYYtLCIQtlN0CKMCpIS1PNSDeSBPGAkU4wucn8zpRIRUPxoGcR8TkaCTqkGGkj9e2qNyU48SKaQk9RDj2O9Fjy5JbKtLLwEIvGKK327bJTc+aAq8TNSRnkaPbtL28Q4pgToTFDSvVcJ9J+gqSmmJG05MWKRAhP0Ij0DBWIE+Un85dSeGaUARyG0pTQcK7+nkgQV2rGA9OZXayWvUz8z+vFenjlJ1REsSYCLxYNYwZ1CLN84IBKgjWbGYKwpOZWiMdIIqxNiiUTgrv88ippn9fci1r9vl5uXOdxFMEJOAUV4IJL0AB3oAlaAINH8AxewZv1ZL1Y79bHorVg5TPH4A+szx/czZ47</latexit>

~⇡ ⇠ Dir(~↵)

• Define prior probability over infinite dimensional objects


• Intermediate between parametric and nonparametric statistics

<latexit sha1_base64="P5cWR7+WChopXApoheBUDo7g/Eo=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoICWRoi6LunBZwT6gKeVmOmmHTh7MTAol5Efc+CtuXCjiwo34N07aLLT1wIXDOfdy7z1uxJlUlvVtFFZW19Y3ipulre2d3T1z/6Alw1gQ2iQhD0XHBUk5C2hTMcVpJxIUfJfTtju+yfz2hArJwuBBTSPa82EYMI8RUFrqmzVnQkniRCzFjmQ+dnxQIwI8uW2klbkHPBpBeoYTx/W0H6enfbNsVa0Z8DKxc1JGORp989MZhCT2aaAIBym7thWpXgJCMcJpWnJiSSMgYxjSrqYB+FT2ktl3KT7RygB7odAVKDxTf08k4Es59V3dmR0vF71M/M/rxsq76iUsiGJFAzJf5MUcqxBnUeEBE5QoPtUEiGD6VkxGIIAoHWhJh2AvvrxMWudV+6Jau6+V69d5HEV0hI5RBdnoEtXRHWqgJiLoET2jV/RmPBkvxrvxMW8tGPnMIfoD4+sHk8SiNQ==</latexit>

~⇡ ⇠ DP(~↵, µ)

<latexit sha1_base64="xb14Y35922x2KCwW6xswsz+BvRg=">AAAB9XicbVDLSsNAFL2pr1pfVZduBotQNyWRoi6LbtxZwT6gjWUynbRDJ5MwM1FKyH+4caGIW//FnX/jpM1CWw8MHM65l3vmeBFnStv2t1VYWV1b3yhulra2d3b3yvsHbRXGktAWCXkoux5WlDNBW5ppTruRpDjwOO14k+vM7zxSqVgo7vU0om6AR4L5jGBtpId+gPWYYJ7cplXndFCu2DV7BrRMnJxUIEdzUP7qD0MSB1RowrFSPceOtJtgqRnhNC31Y0UjTCZ4RHuGChxQ5Saz1Ck6McoQ+aE0T2g0U39vJDhQahp4ZjJLqRa9TPzP68Xav3QTJqJYU0Hmh/yYIx2irAI0ZJISzaeGYCKZyYrIGEtMtCmqZEpwFr+8TNpnNee8Vr+rVxpXeR1FOIJjqIIDF9CAG2hCCwhIeIZXeLOerBfr3fqYjxasfOcQ/sD6/AHKf5IO</latexit>

O(1)
<latexit sha1_base64="wTqtiD2xov1B5SHz8VyXal2QVlA=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBItQN2VGSnVZdONKK9gHtGPJpJk2NJMZkoxShv6HGxeKuPVf3Pk3ZtpZaOuBwOGce7knx4s4U9q2v63cyura+kZ+s7C1vbO7V9w/aKkwloQ2SchD2fGwopwJ2tRMc9qJJMWBx2nbG1+lfvuRSsVCca8nEXUDPBTMZwRrIz30AqxHBPPkdlq+Oe0XS3bFngEtEycjJcjQ6Be/eoOQxAEVmnCsVNexI+0mWGpGOJ0WerGiESZjPKRdQwUOqHKTWeopOjHKAPmhNE9oNFN/byQ4UGoSeGYyTakWvVT8z+vG2r9wEyaiWFNB5of8mCMdorQCNGCSEs0nhmAimcmKyAhLTLQpqmBKcBa/vExaZxWnVqneVUv1y6yOPBzBMZTBgXOowzU0oAkEJDzDK7xZT9aL9W59zEdzVrZzCH9gff4A9pCSKw==</latexit>

O(N)
<latexit sha1_base64="9QM89rYxE+5MbxPZ0LgvKKGrcRY=">AAACBXicbZDLSsNAFIYn9VbrLepSF8EitJuSSFGXRTeutIJthTaUyXTSDp1LmJkIJXTjxldx40IRt76DO9/GSZqFtv4w8PGfc5hz/iCiRGnX/bYKS8srq2vF9dLG5tb2jr2711Yilgi3kKBC3gdQYUo4bmmiKb6PJIYsoLgTjC/TeucBS0UEv9OTCPsMDjkJCYLaWH37sMegHiFIk5tpJWPJEiqG08p1tdq3y27NzeQsgpdDGeRq9u2v3kCgmGGuEYVKdT030n4CpSaI4mmpFyscQTSGQ9w1yCHDyk+yK6bOsXEGTiikeVw7mft7IoFMqQkLTGe6p5qvpeZ/tW6sw3M/ITyKNeZo9lEYU0cLJ43EGRCJkaYTAxBJYnZ10AhKiLQJrmRC8OZPXoT2Sc07rdVv6+XGRR5HERyAI1ABHjgDDXAFmqAFEHgEz+AVvFlP1ov1bn3MWgtWPrMP/sj6/AEmsJhY</latexit>

O(log(N))
<latexit sha1_base64="291CSDAiJHZucVjewmMtUT38LUg=">AAACAHicbVBNS8NAEN3Ur1q/oh48eAkWoV5KIkU9Fr140gr2A5pYJtttu3SzCbsboYRc/CtePCji1Z/hzX/jps1BWx8MPN6bYWaeHzEqlW1/G4Wl5ZXVteJ6aWNza3vH3N1ryTAWmDRxyELR8UESRjlpKqoY6USCQOAz0vbHV5nffiRC0pDfq0lEvACGnA4oBqWlnnngBqBGGFhym1ZuHhIXWDSC9KRnlu2qPYW1SJyclFGORs/8cvshjgPCFWYgZdexI+UlIBTFjKQlN5YkAjyGIelqyiEg0kumD6TWsVb61iAUuriypurviQQCKSeBrzuzc+W8l4n/ed1YDS68hPIoVoTj2aJBzCwVWlkaVp8KghWbaAJYUH2rhUcgACudWUmH4My/vEhap1XnrFq7q5Xrl3kcRXSIjlAFOegc1dE1aqAmwihFz+gVvRlPxovxbnzMWgtGPrOP/sD4/AGemZZu</latexit>

O(N↵)

Parametric “Classic” nonparametricBayesian nonparametric

<latexit sha1_base64="Hx+queYIkwnd8/UshdLsXzm6igc=">AAACGnicbVDLSsNAFJ34rPUVdelmsAgVSkmkqMuiG5cV7EOaUG6m03bo5MHMpFBCvsONv+LGhSLuxI1/46TNQlsPXDiccy/33uNFnEllWd/Gyura+sZmYau4vbO7t28eHLZkGAtCmyTkoeh4IClnAW0qpjjtRIKC73Ha9sY3md+eUCFZGNyraURdH4YBGzACSks903YmlCROxFLsSOZjxwc1IsCTxkNannvAoxGkFdyvaDc+65klq2rNgJeJnZMSytHomZ9OPySxTwNFOEjZta1IuQkIxQinadGJJY2AjGFIu5oG4FPpJrPXUnyqlT4ehEJXoPBM/T2RgC/l1Pd0Z3a5XPQy8T+vG6vBlZuwIIoVDch80SDmWIU4ywn3maBE8akmQATTt2IyAgFE6TSLOgR78eVl0jqv2hfV2l2tVL/O4yigY3SCyshGl6iOblEDNRFBj+gZvaI348l4Md6Nj3nripHPHKE/ML5+ALKNoKA=</latexit>

~⇡ ⇠ PY(~↵, d, µ)

<latexit sha1_base64="kQkDxPnVv0Mgc/tsfqEuJYOLy9w=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66LqX1Zr97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL8Nj0E=</latexit>. . .

<latexit sha1_base64="kQkDxPnVv0Mgc/tsfqEuJYOLy9w=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66LqX1Zr97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL8Nj0E=</latexit>. . .

Dirichlet distribution

Dirichlet process

Pitman-Yor process



Probabilistic Deterministic Infinite Automata

D. Pfau, N. Bartlett, F. Wood, NeurIPS (2010)

<latexit sha1_base64="Kpw31ICeXIcyes6nmTxkUroBFYI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2ge0Q8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfj28xvT6jSTIpHM42pH+GhYCEj2FjJ70XYjAjm6cOs7/XLFbfqzoFWiZeTCuRo9MtfvYEkSUSFIRxr3fXc2PgpVoYRTmelXqJpjMkYD2nXUoEjqv10HnqGzqwyQKFU9gmD5urvjRRHWk+jwE5mIfWyl4n/ed3EhNd+ykScGCrI4lCYcGQkyhpAA6YoMXxqCSaK2ayIjLDCxNieSrYEb/nLq6R1UfUuq7X7WqV+k9dRhBM4hXPw4ArqcAcNaAKBJ3iGV3hzJs6L8+58LEYLTr5zDH/gfP4AvDiSFg==</latexit>

S1

<latexit sha1_base64="Kpw31ICeXIcyes6nmTxkUroBFYI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2ge0Q8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfj28xvT6jSTIpHM42pH+GhYCEj2FjJ70XYjAjm6cOs7/XLFbfqzoFWiZeTCuRo9MtfvYEkSUSFIRxr3fXc2PgpVoYRTmelXqJpjMkYD2nXUoEjqv10HnqGzqwyQKFU9gmD5urvjRRHWk+jwE5mIfWyl4n/ed3EhNd+ykScGCrI4lCYcGQkyhpAA6YoMXxqCSaK2ayIjLDCxNieSrYEb/nLq6R1UfUuq7X7WqV+k9dRhBM4hXPw4ArqcAcNaAKBJ3iGV3hzJs6L8+58LEYLTr5zDH/gfP4AvDiSFg==</latexit>

S1

<latexit sha1_base64="wABRkGswAaftZHRG5L8WUBG05K8=">AAAB9HicbVBNTwIxFHyLX4hfqEcvjcTEE9klRD0SvXjEKEgCG9ItXWhou2vbJSEbfocXDxrj1R/jzX9jF/ag4CRNJjPv5U0niDnTxnW/ncLa+sbmVnG7tLO7t39QPjxq6yhRhLZIxCPVCbCmnEnaMsxw2okVxSLg9DEY32T+44QqzSL5YKYx9QUeShYygo2V/J7AZkQwT+9n/Vq/XHGr7hxolXg5qUCOZr/81RtEJBFUGsKx1l3PjY2fYmUY4XRW6iWaxpiM8ZB2LZVYUO2n89AzdGaVAQojZZ80aK7+3kix0HoqAjuZhdTLXib+53UTE175KZNxYqgki0NhwpGJUNYAGjBFieFTSzBRzGZFZIQVJsb2VLIleMtfXiXtWtW7qNbv6pXGdV5HEU7gFM7Bg0towC00oQUEnuAZXuHNmTgvzrvzsRgtOPnOMfyB8/kDvbySFw==</latexit>

S2

<latexit sha1_base64="wABRkGswAaftZHRG5L8WUBG05K8=">AAAB9HicbVBNTwIxFHyLX4hfqEcvjcTEE9klRD0SvXjEKEgCG9ItXWhou2vbJSEbfocXDxrj1R/jzX9jF/ag4CRNJjPv5U0niDnTxnW/ncLa+sbmVnG7tLO7t39QPjxq6yhRhLZIxCPVCbCmnEnaMsxw2okVxSLg9DEY32T+44QqzSL5YKYx9QUeShYygo2V/J7AZkQwT+9n/Vq/XHGr7hxolXg5qUCOZr/81RtEJBFUGsKx1l3PjY2fYmUY4XRW6iWaxpiM8ZB2LZVYUO2n89AzdGaVAQojZZ80aK7+3kix0HoqAjuZhdTLXib+53UTE175KZNxYqgki0NhwpGJUNYAGjBFieFTSzBRzGZFZIQVJsb2VLIleMtfXiXtWtW7qNbv6pXGdV5HEU7gFM7Bg0towC00oQUEnuAZXuHNmTgvzrvzsRgtOPnOMfyB8/kDvbySFw==</latexit>

S2
<latexit sha1_base64="Qy6qTQwtkTgH3EBf7oQbsrn/3qU=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxoUZdFNy4r2ge0Q8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo9UDgcM693JMTxJxp47pfTmFldW19o7hZ2tre2d0r7x+0tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoPxTea3J1RpJsWDmcbUj/BQsJARbKzk9yJsRgTz9H7WP++XK27VnQP9JV5OKpCj0S9/9gaSJBEVhnCsdddzY+OnWBlGOJ2VeommMSZjPKRdSwWOqPbTeegZOrHKAIVS2ScMmqs/N1IcaT2NAjuZhdTLXib+53UTE175KRNxYqggi0NhwpGRKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUv/yWts6p3Ua3d1Sr167yOIhzBMZyCB5dQh1toQBMIPMITvMCrM3GenTfnfTFacPKdQ/gF5+Mbv0CSGA==</latexit>

S3
<latexit sha1_base64="Qy6qTQwtkTgH3EBf7oQbsrn/3qU=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxoUZdFNy4r2ge0Q8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo9UDgcM693JMTxJxp47pfTmFldW19o7hZ2tre2d0r7x+0tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoPxTea3J1RpJsWDmcbUj/BQsJARbKzk9yJsRgTz9H7WP++XK27VnQP9JV5OKpCj0S9/9gaSJBEVhnCsdddzY+OnWBlGOJ2VeommMSZjPKRdSwWOqPbTeegZOrHKAIVS2ScMmqs/N1IcaT2NAjuZhdTLXib+53UTE175KRNxYqggi0NhwpGRKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUv/yWts6p3Ua3d1Sr167yOIhzBMZyCB5dQh1toQBMIPMITvMCrM3GenTfnfTFacPKdQ/gF5+Mbv0CSGA==</latexit>

S3

<latexit sha1_base64="HNzpFKSiNyRJ/NI1yq9YG3sJsvY=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2ge0Q8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfj28xvT6jSTIpHM42pH+GhYCEj2FjJ70XYjAjm6cOsX+uXK27VnQOtEi8nFcjR6Je/egNJkogKQzjWuuu5sfFTrAwjnM5KvUTTGJMxHtKupQJHVPvpPPQMnVllgEKp7BMGzdXfGymOtJ5GgZ3MQuplLxP/87qJCa/9lIk4MVSQxaEw4chIlDWABkxRYvjUEkwUs1kRGWGFibE9lWwJ3vKXV0nroupdVmv3tUr9Jq+jCCdwCufgwRXU4Q4a0AQCT/AMr/DmTJwX5935WIwWnHznGP7A+fwBwMSSGQ==</latexit>

S4

<latexit sha1_base64="HNzpFKSiNyRJ/NI1yq9YG3sJsvY=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2ge0Q8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfj28xvT6jSTIpHM42pH+GhYCEj2FjJ70XYjAjm6cOsX+uXK27VnQOtEi8nFcjR6Je/egNJkogKQzjWuuu5sfFTrAwjnM5KvUTTGJMxHtKupQJHVPvpPPQMnVllgEKp7BMGzdXfGymOtJ5GgZ3MQuplLxP/87qJCa/9lIk4MVSQxaEw4chIlDWABkxRYvjUEkwUs1kRGWGFibE9lWwJ3vKXV0nroupdVmv3tUr9Jq+jCCdwCufgwRXU4Q4a0AQCT/AMr/DmTJwX5935WIwWnHznGP7A+fwBwMSSGQ==</latexit>

S4

<latexit sha1_base64="qDf6pzroMMJvMcIkHWdR/tYPv+o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6q/mW1dl+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB85dj0s=</latexit>...

<latexit sha1_base64="CrLcgGPFPZRKE07vcCRVoa88e2k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcNGo2o</latexit>x0
<latexit sha1_base64="QRlFKTdZFTH2TZmCLuq5ispBsxg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOno2p</latexit>x1

<latexit sha1_base64="CrLcgGPFPZRKE07vcCRVoa88e2k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcNGo2o</latexit>x0

<latexit sha1_base64="CrLcgGPFPZRKE07vcCRVoa88e2k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcNGo2o</latexit>x0
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Place a hierarchical nonparametric prior on the state transition function



Probabilistic Deterministic Infinite Automata
Synthetic Grammars

D. Pfau, N. Bartlett, F. Wood, NeurIPS (2010)



Probabilistic Deterministic Infinite Automata
Character-level Language Modelling

4-gram level accuracy with number of parameters comparable to trigram

D. Pfau, N. Bartlett, F. Wood, NeurIPS (2010)



Probabilistic Deterministic Infinite Automata
Character-level Language Modelling

what a mushroom very softly have the the way either little about a deal she what to kept i to when b... 

what you her and took when pim bill alice himself ignvy conversationer after treat eye going very to... 

seside must upon to the a othering in for the the i of i him of hrisall a is either mock turtle and…

however nor rats come perself for everywheelsome something ll in hoor of but her said you heople was…

whistled inqueer hersonate it doing daiek the ll the she be away the the queen than of that miss pea...

4-gram level accuracy with number of parameters comparable to trigram

D. Pfau, N. Bartlett, F. Wood, NeurIPS (2010)



Probabilistic Deterministic Infinite Automata
Single Neuron Recordings

D. Pfau, PhD. Thesis (2015)
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Neural Language Models
Recurrent Neural Networks

I. Sutskever, J. Martens, G. Hinton, ICML (2011)



Neural Language Models
Recurrent Neural Networks

I. Sutskever, J. Martens, G. Hinton, ICML (2011)
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Neural Language Models
Generative Pretrained Transformers
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Power Law Scaling Laws
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Neural Language Models
Power Law Scaling Laws

J. Kaplan, S. McCandlish, T. Henighan, T. B. Brown, B. Chess, R. Child, S. Gray, A. Radford, J. Wu, D. Amodei (2020)

T. Brants, A. C. Popat, P. Xu, F. J. Ochs, J. Dean, EMNLP (2007)
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But what about overfitting?



Double Descent

• Bayesian/MDL/Bias-variance story holds up until the model has the capacity to memorize the data

M. Belkin, D. Hsu, S. Ma, S. Mandal, PNAS (2019)



Double Descent

• Bayesian/MDL/Bias-variance story holds up until the model has the capacity to memorize the data


• Beyond that - the extra parameters help prevent overfitting!

M. Belkin, D. Hsu, S. Ma, S. Mandal, PNAS (2019)



Can Transformers Learn Simple Automata?

B. Liu, J. T. Ash, S. Goel, A. Krishnamurthy, C. Zhang (2023)

Semiautomata on length T sequences can be implemented in depth log(T) Transformers



Can Transformers Learn Simple Automata?

B. Liu, J. T. Ash, S. Goel, A. Krishnamurthy, C. Zhang (2023)

Can learn semiautomata in practice with enough depth - but with insane # of parameters

Number of Layers
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Can Transformers Learn Simple Automata?

B. Liu, J. T. Ash, S. Goel, A. Krishnamurthy, C. Zhang (2023)

Units in the self-attention layers are interpretable



State Space Models

A. Gu, K. Goel, C. Ré, ICLR (2022)

Can handle extremely long context lengths - but don’t yet compete with Transformers on language

Nonlinear in depth, but linear in time, allows use of tricks like FFT for forward inference

J. T. H. Smith, A. Warrington, S. Linderman, ICLR (2023)

D. Y. Fu, T. Dao, K. K. Saab, A. W. Thomas, A. Rudra, C. Ré, ICLR (2023)



Why Small Models?
• Learn from small data (but, double descent…)


• Learn interpretable models (but, self-attention units…)


• Learn quickly and efficiently


• Quantify the amount of information in a time series -  is an upper bound on 
predictive information

H[𝒮]



What next?
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Still no models that cover the entire Pareto front!

State space models?



Conclusions

Thank you!

pfau@google.com

@pfau

• The problem of sequence prediction is largely a problem of understanding how to share 
information between contexts


• N-gram models suffer from the curse of dimensionality, while finite state machines are 
appealingly compact


• PDIA enables Bayesian nonparametric estimation of probabilistic state machines, but doesn’t 
scale beyond small problems


• LLMs are outrageously successful at modelling complex time series, but are not parsimonious 
with their parameters


• Is it possible to build models that are efficient with simple time series, but can still scale?
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